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1. Introduction

The geometric Langlands correspondence has recently been given an elegant physical in-
terpretation by Kapustin and Witten in their seminal paper [J—by considering a certain
twisted N/ = 4 supersymmetric Yang-Mills theory in four-dimensions compactified on a
complex Riemann surface C, the geometric Langlands correspondence associated to a holo-
morphic G-bundle on C' can be shown to arise naturally from an electric-magnetic duality
in four-dimensions. Specifically, it was first argued that one can, among other things,



relate various mathematical objects and concepts of the correspondence such as Hecke
eigensheaves and the action of the Hecke operator, to the boundaries and the 't Hooft line
operator of the underlying four-dimensional quantum gauge theory. It was then shown
that the map between the various ingredients which defines the mathematical correspon-
dence, is nothing but a four-dimensional electric-magnetic duality, or equivalently, a mirror
symmetry of the resulting two-dimensional topological sigma-model at low-energies. The
framework outlined in [fJ] thus furnishes a purely physical interpretation of the geometric
Langlands conjecture.

The work of Kapustin and Witten centres around a gauge-theoretic interpretation of
the geometric Langlands correspondence. However, it does not shed any light on the utility
of two-dimensional axiomatic conformal field theory in the geometric Langlands program,
which, incidentally, is ubiquitous in the mathematical literature on the subject []—[g]. This
seems rather puzzling. Afterall, the various axiomatic definitions of a conformal field theory
that fill the mathematical literature, are based on established physical concepts, and it is
therefore natural to expect that in any physical interpretation of the geometric Langlands
correspondence, a two-dimensional conformal field theory of some sort will be involved. It
will certainly be illuminating for the geometric Langlands program as a whole, if one can
deduce the axiomatic conformal field-theoretic approach developed in the mathematical
literature, from the gauge-theoretic approach of Kapustin and Witten, or vice-versa.

In the axiomatic conformal field-theoretic approach to the geometric Langlands cor-
respondence, the key ingredients are affine Lie algebras at the critical level without stress
tensors [f], and W-algebras (defined by a Drinfeld-Sokolov or DS reduction procedure) as-
sociated to the affine versions of the Langlands dual of the Lie algebras [d, [[0]. The duality
between classical VW-algebras — which underlies the axiomatic conformal field-theoretic
approach to the correspondence — is just an isomorphism between the Poisson algebra
generated by the centre 3(g) of the completed universal enveloping algebra of the affine Lie
algebra g at the critical level, where g is the Lie algebra of the group G, and the classical W-
algebra associated to the affine Lie algebra g in the limit of large level &' — W, (@), where
Lgis the Lie algebra of the Langlands dual group “G; in other words, a geometric Langlands
correspondence for G simply originates from an isomorphism 3(g) ~ Wa(¥g) of Poisson
algebras [, [[I]. This statement is accompanied by a relation (k + hY)rY = (k' + Ln")~1
between the generic levels k and &’ of g and “g respectively (where rV is the lacing number
of g, and A" and © h" are the dual Coxeter numbers of g and “g).

Note that the gauge-theoretic approach to the program necessarily involves a certain
two-dimensional quantum field theory in its formulation, a generalised topological sigma-
model to be exact. This strongly suggests that perhaps a good starting point towards eluci-
dating the connection between the axiomatic conformal field-theoretic and gauge-theoretic
approaches, would be to explore other physical models which are purely two-dimensional,
that will enable us to make direct contact with the central results of the correspondence
derived from the axiomatic conformal field-theoretic approach.

A strong hint that one should be considering for this purpose a two-dimensional twisted
(0,2) sigma-model on a flag manifold, stems from our recent understanding of the role
sheaves of “Chiral Differential Operators” (or CDQ’s) play in the description of its holo-



morphic chiral algebra L], and from the fact that global sections of CDO’s on a flag
manifold furnish a module of an affine Lie algebra at the critical level [[J, [[3]. On the
other hand, since Toda field theories lead to free-field realisations of the W-algebras de-
fined by the DS reduction scheme mentioned above (see section 6 of [[I7], and the references
therein), and since the Toda theory can be obtained as a gauge-invariant content of a cer-
tain gauged WZW theory [[9, ], it should be true that a physical manifestation of the
isomorphism of (classical) W-algebras which underlie the geometric Langlands correspon-
dence, ought to be given by some relation between the sigma-model on a flag manifold and
a gauged WZW model. This was the main motivation for the work in [[[], which represents
a modest attempt towards an analysis of the relation between quantum field theory and the
geometric Langlands correspondence from a purely two-dimensional viewpoint, wherein a
twisted (0,2) sigma-model on a complex flag manifold of SL(N, C) was considered.

In this paper, we shall generalise the analysis in [l], and show that our previous results
can be extended beyond SL(N, C) to include all complex simply-laced groups. In particular,
we shall show that an equivalence — at the level of the holomorphic chiral algebra —
between a bosonic string on a smooth coset manifold G/B and a B-gauged version of itself
on G, will necessarily imply an isomorphism 3(g) ~ Wao (¥g) of classical W-algebras and the
relation (k+h"Y)rY = (k'+F hv)_l which underlie a geometric Langlands correspondence for
G, where G is any simply-laced, complex AD E-group. This equivalence in the spectra of
the bosonic strings — which can be viewed as a consequence of the ubiquitous notion that
one can always physically interpret a geometrical symmetry of the target space as a gauge
symmetry in the worldsheet theory — thus furnishes an alternative physical interpretation,
to that of an electric-magnetic duality of four-dimensional gauge theory, of the geometric
Langlands correspondence for the complex ADE-groups! In addition, as in [, the Hecke
operators and Hecke eigensheaves of the geometric Langlands program for G, can also
be shown to lend themselves to different physical interpretations altogether — instead of
line operators and branes in a two-dimensional topological sigma-model, they are, in our
context, related to the correlation functions of local operators that span the holomorphic
chiral algebra of a closed and quasi-topological sigma-model in two-dimensions. Moreover,
the cases with tame and mild “ramifications” can also be understood from a purely physical
perspective via these local operators. Our results therefore open up an alternative way
of looking at the correspondence from a purely two-dimensional quantum field-theoretic
standpoint, which could potentially lead to novel mathematical and physical insights for
the geometric Langlands program as a whole.

A brief summary and plan of the paper. We shall now give a brief summary and
plan of the paper.

In section 2, we begin by considering the twisted (0,2) sigma-model on a complex
flag manifold given by the coset space G/B, where G is any simply-laced, complex ADFE-
group with g = g, and B is a Borel subgroup containing upper triangular matrices of G.
We will show that the Casimir fields spanning the classical holomorphic chiral algebra of
the purely bosonic sector of the sigma-model, will have Laurent modes that generate the
classical centre 3(g) of the completed universal enveloping algebra of the affine G-algebra
at the critical level.



In section 3, we discuss the dual description of the holomorphic chiral algebra of
the purely bosonic sector of the sigma-model on G/B, given by the holomorphic BRST-
cohomology (or chiral algebra) of a B-gauged WZW model on G. We then show that the
holomorphic BRST-cohomology of the B-gauged WZW model on G at level k' physically
realises, in all generality, the Hecke algebra of local operators — generated by a math-
ematical Drinfeld-Sokolov reduction procedure [[J]—which defines Wi/ (g), the W-algebra
associated to g at level k’.

In section 4, we use the results in the earlier sections to show that an equivalence —
at the level of the holomorphic chiral algebra — between a bosonic string on G/B and a
B-gauged version of itself on G, will necessarily imply an isomorphism 3(g) ~ Wao(¥g) of
classical W-algebras and the relation (k+h")rY = (k' +1 hv)_1 which underlie a geometric
Langlands correspondence for G.

In section 5, we shall derive, via the isomorphism 3(g) ~ Wy (¥g) of classical W-
algebras, a correspondence between flat holomorphic “G-bundles on the worldsheet ¥ and
Hecke eigensheaves on the moduli space Bung of holomorphic G-bundles on Y. Then,
we shall physically interpret the Hecke eigensheaves and Hecke operators of the geometric
Langlands program in terms of the correlation functions of purely bosonic local operators
in the holomorphic chiral algebra of the twisted (0,2) sigma-model on the complex flag
manifold G/B.

In section 6, we shall briefly discuss the physical interpretation of the geometric Lang-
lands correspondence for G with tame and mild “ramifications”, in our setting.

Relation to the gauge-theoretic approach. Though we have not made any explicit
connections to the gauge-theoretic approach of Kapustin and Witten yet, we hope to be
able to address this important issue in a later publication, perhaps with the insights gained
in this paper.

2. The twisted (0, 2) sigma-model on G/B and the classical centre 3(g)

In this section, we consider the twisted (0,2) sigma-model on a complex flag manifold
given by the coset space G/B, where G is any complex ADFE-group and B is a Borel
subgroup containing upper triangular matrices of G. Via a mathematical theorem in [[[J,
and the interpretation of the Q -cohomology of the sigma-model as the Cech-cohomology
of the sheaf of CDO’s (as reviewed in appendix A of [fl]), we explain why the scaling
dimension-one operators in the holomorphic chiral algebra of the purely bosonic sector
of the sigma-model will generate an affine G OPE-algebra at the critical level. We then
explain why the Casimir fields constructed out of these dimension-one currents must span
the classical holomorphic chiral algebra of the purely bosonic sector of the sigma-model,
which, in turn, implies that their Laurent modes must generate the classical centre 3(g) of
the completed universal enveloping algebra of the affine G-algebra at the critical level.

2.1 The twisted sigma-model on G/B and the sheaf of CDO’s

As reviewed in appendix A of [, the Q -cohomology or the holomorphic chiral algebra of
the twisted (0,2) sigma-model on X can be expressed in terms of the Cech-cohomology of



the sheaf of CDO’s. Since our main discussion involves the holomorphic chiral algebra of
the sigma-model, and since we shall need to turn to some mathematical theorems regarding
the sheaf of CDO’s in our arguments, we shall first describe the sigma-model in terms of
the sheaf of CDO'’s.

Recall that X = G/B, where B is the subgroup of upper triangular matrices of G with
a nilpotent Lie algebra b. Let us cover X with N open charts U,, where w =1,2,..., N,
such that each open chart U, can be identified with the affine space C", where n = dim¢X.
Then, as explained in appendix A of [[l], the sheaf of CDO’s in any U,,—which describes a
localised version of the sigma-model on U,—can be described by n free 3y systems with

1:; %/|d2z| 8,027 (2.1)

As before, the 3;’s and %’s are fields of dimension (1,0) and (0,0) respectively. They

the action

obey the standard free-field OPE’s; there are no singularities in the operator products
Bi(2) - Bi(#') and ~*(z) - +*(2'), while
5

z—2"

Bi(z2)7 (2') ~ —

(2.2)

Similarly, the sheaf of CDO’s in a neighbouring intersecting chart U, is described
by n free $7 systems with action

n 1 _ y
=35 [ 1 o (2.3)

where the 3; and 7' fields obey the same OPE’s as the 3; and +* fields. In other words,
the non-trivial OPE’s are given by
o}

z—2

Bi(2)3 () ~ — (2.4)

In order to describe a globally-defined sheaf of CDQO’s, one will need to glue the free
conformal field theories with actions (R.1)) and (R.J) in the overlap region U,,NU,, 1 for every
w=1,2,... N, where Uj;ny = U;. To do so, one must use the admissible automorphisms
of the free conformal field theories defined in (A.29)-(A.30) of [ to glue the free-fields
together; they are given by

7= 19"+, (2.5)
B; = BiD*; + 0.4 E;, (2.6)
where i, j,k = 1,2,...,n. Here, g, D and E are n X n matrices, whereby [g] is the matrix of

geometrical transition functions, [(DT)™1];¥ = 9;[g]*;47 and [E];; = 0;B;. It can be verified
that 3 and 7 will obey the correct OPE’s among themselves [[[3]. Moreover, let R,, represent
a transformation of the fields in going from U, to U,4+1. One can also verify that there is
no anomaly to a global definition of a sheaf of CDO’s on X = G/B—a careful computation



will reveal that one will get the desired composition maps (Ry ... RyR3RoR;) -4) = ~7 and
(RN ...R4R3RoRy) - B; = [B;. Again, this is just a statement that one can always define a
sheaf (53? of CDO’s on any flag manifold X = G/B [[J]. Physically, this just corresponds
to the fact that since p1(X) = 0, the sigma-model will be well-defined and anomaly-free
(see appendix A of [fl]).

2.2 Global sections of (59{“ and an affine G-algebra at the critical level

Since X = G/B is of complex dimension n, the chiral algebra A of the sigma-model will
be given by A = @ggzg HIR(X, (/9\3?) as a vector space. As in [, it would suffice for
our purpose to concentrate on the fermion-independent sector of A—from our (), -Cech
cohomology dictionary (explained in appendix A of [fl]), this again translates to studying
only the global sections in H°(X, (53?)

According to theorem 5.13 of [[[J], one can always find elements in H O(X, (53?) for any
flag manifold X = G/B, that will furnish a module of an affine G-algebra at the critical
level. This means that one can always find dimension-one global sections of the sheaf (53?
that correspond to 1)i-independent currents J%z) for a = 1,2,...dim(g), that satisfy the
OPE’s of an affine G-algebra at the critical level k = —h":

Ja(2)Jp(2') ~ —% + Zfabc%a (2.7)

where h" is the dual Coxeter number of the Lie algebra g, and dg;, is its Cartan-Killing

metric.}

Since these current operators correspond to global sections, it will be true that
Ja(2) = Jo(2) on any Uy, N Uyyy for all a, where J,(z) and J,(2) are sections of the sheaf
of CDO’s defined in U, and U, respectively. Moreover, from our @ 1-Cech cohomology
dictionary, they will be Q 4 -closed chiral vertex operators that are holomorphic in z, which
means that one can expand them in a Laurent series that allows an affinisation of the G
Lie-algebra generated by their resulting zero modes. The space of these operators obeys
all the physical axioms of a chiral algebra except for reparameterisation invariance on
the z-plane or worldsheet 3. We will substantiate this last statement next by showing
that the holomorphic stress tensor fails to exist in the Q ,-cohomology at the quantum
level. Again, this observation will be important in our discussion of a geometric Langlands
correspondence for G.

2.3 The Segal-Sugawara tensor and the classical holomorphic chiral algebra

Recall that for any affine algebra g at level k # —h", one can construct the corresponding
stress tensor out of the currents of g via a Segal-Sugawara construction [[4]:

i d® T (2) -

T(z) = A (2.8)

!Note that one can consistently introduce appropriate fluxes to deform the level away from —h"—recall
from our discussion in section A.7 of [] that the E;; = 0;B; term in (@) is related to the fluxes that
correspond to the moduli of the chiral algebra, and since this term will determine the level k of the affine
G-algebra via the identification of the global sections B; with the affine currents valued in the subalgebra of
g associated to its positive roots, turning on the relevant fluxes will deform k away from —h". Henceforth,
whenever we consider k # —h", we really mean turning on fluxes in this manner.



As required, for every k # —h", the modes of the Laurent expansion of T'(z) will span a
Virasoro algebra. In particular, T'(z) will generate holomorphic reparametrisations of the
coordinates on the worldsheet . Notice that this definition of T'(z) in (R.§) is ill-defined
when k& = —hY. Nevertheless, one can always associate T(z) with the Segal-Sugawara
operator S(z) that is well-defined at any finite level, whereby

S(z) = (k+h")T(2), (2.9)

and
S(z) =: d®J,Jy(2) . (2.10)

From (R.9), we see that S(z) generates, in its OPE’s with other field operators, (k + h")
times the transformations usually generated by the stress tensor T'(z). Therefore, at the
level k = —h", S(z) generates no transformations at all — its OPE’s with all other field
operators are trivial. This is equivalent to saying that the holomorphic stress tensor does
not exist at the quantum level, since S(z), which is the only well-defined operator at
this level that could possibly generate the transformation of fields under an arbitrary
holomorphic reparametrisation of the worldsheet coordinates on 3, acts by zero in the
OPE’s.

Despite the fact that S(z) will cease to exist in the spectrum of physical operators
associated to the twisted sigma-model on X = G/B at the quantum level, it will never-
theless exist as a field in its classical @Q -cohomology or holomorphic chiral algebra. One
can convince oneself that this is true as follows. Firstly, from our Q -Cech cohomology
dictionary, since the J,(2)’s are in HY(X, (53?), it will mean that they are in the Q-
cohomology of the sigma-model at the quantum level. Secondly, since quantum corrections
can only annihilate cohomology classes and not create them, it will mean that the J,(z)’s
will be in the classical Q L -cohomology of the sigma-model, i.e., the currents are Q 4 -closed
and are therefore invariant under the transformations generated by @ 4 in the absence of
quantum corrections. Hence, one can readily see that S(z) in (R-10) will also be Q_ -closed
at the classical level. Lastly, recall from appendix A of [l that [@,,T(z)] = 0 such that
T(z) #{Q,,---} in the absence of quantum corrections to the action of @ in the classical
theory. Note also that the integer 2" in the factor (k+h") of the expression S(z) in (£.9), is
due to a shift by A" in the level k because of quantum renormalisation effects [@], i.e., the
classical expression of S(z) for a general level k can actually be written as S(z) = kT (z),
and therefore, one will have [@,,—hVT(z)] = [Q,,S5(2)] = 0, where S(z) # {Q,, -} in
the classical theory. Therefore, S(z) will be a spin-two field in the classical holomorphic
chiral algebra of the purely bosonic sector of the twisted sigma-model on X = G/B. This
observation is also consistent with the fact that S(z) fails to correspond to a global section
of the sheaf O of CDO’s — note that in our case, we actually have S(z) = —hVT(z)
in the classical theory, and this will mean that under quantum corrections to the action
of @, we will have (see appendix A of [l]) [Q,,S(z)] = —hvaz(Rﬁ(‘)z(b%j) # 0, since
R;; # 0 for any flag manifold G/B. This corresponds in the Cech-cohomology picture to

the expression S (2)— S (z) # 0 over an arbitrary intersection Uy, NUy+1 of open sets, where
S (z) and S (z) are sections of the sheaf of CDO’s defined in U,, and U,,+1 respectively. This



means that § (z), the Cech-cohomology counterpart to the S(z) operator, will fail to be in
HY(X, (53?) Consequently, one can always represent S(z) by a classical c-number. This
point will be important when we discuss how one can define Hecke eigensheaves that will
correspond to flat “G-bundles on a Riemann surface ¥ in our physical interpretation of
the geometric Langlands correspondence for G.

The fact that S(z) acts trivially in any OPE with other field operators implies that its
Laurent modes will commute with the Laurent modes of any of these other field operators;
in particular, they will commute with the Laurent modes of the J,(z) currents — in other
words, the Laurent modes of S(z) will span the centre 3(g) of the completed universal
enveloping algebra of the affine G-algebra g at the critical level kK = —h" (generated by the
Laurent modes of the J,(z) currents in the quantum chiral algebra of the twisted sigma-
model on G/B themselves).2 Notice also that S(z) is ¢J-independent and is therefore
purely bosonic in nature. In other words, the local field S(z) exists only in the classical
holomorphic chiral algebra of the ij-independent, purely bosonic sector of the twisted
sigma-model on X = G/B.

2.4 Higher-spin Casimir operators and the classical holomorphic chiral algebra

For an affine G-algebra, one can generalise the Sugawara formalism to construct higher-
spin analogs of the holomorphic stress tensor with the currents. These higher-spin analogs
are called Casimir operators, and were first constructed in [If].

In the context of an affine G-algebra with a module that is furnished by the global
sections of the sheaf of CDO’s on X = G/B, a spin-s; analog of the holomorphic stress
tensor will be given by the s;*"-order Casimir operator 7

. d~a1a2a3...asi (g, k)(Jal Ja2 o Jtlsi)(z) .
k+hY ’

TG (2) = (2.11)
where 019203---as; (g,k) is a completely symmetric traceless g-invariant tensor of rank s;
that depends on the level k of the affine G-algebra. It is also well-defined and finite at
k = —hV. The superscript on T (z) just denotes that it is a spin-s; analog of T'(z).
Note that i = 1,2,...,rank(g), and the spins s; can take the values 1 + e;, where ¢;’s
are the exponents of g. Thus, one can have rank(g) of these Casimir operators, and the
spin-2 Casimir operator is just the holomorphic stress tensor T'(z) from the usual Sugawara
construction.

As with T(z) in (£.8), T (2) is ill-defined when k = —h"Y. Nevertheless, one can
always make reference to a spin-s; analog of the Segal-Sugawara tensor S (si)(z) that is
well-defined for any finite value of k£, where its relation to T (Si)(z) is given by

S6D(2) = (k4 hY)TE)(2), (2.12)

and
S (z) =: d™ %% (g, k) (Jay Jay - - - Jas, )(2) © - (2.13)

2Notice that S(z) is constructed out of the currents of the affine G-algebra by using the invariant tensor
d® of the corresponding Lie algebra. Consequently, its Laurent modes will span not the centre of the affine
algebra, but rather the centre of the completed universal enveloping algebra of the affine algebra.



That is, the operator S() (z) generates in its OPE’s with all other operators of the quantum
theory, (k + h") times the field transformations generated by T (z).

Notice however, that at k = —h", S(Si)(z) acts by zero in its OPE with any other oper-
ator. This is equivalent to saying that 7%9)(z) does not exist as a quantum operator, since
the only well-defined operator S (Si)(z) which is supposed to generate the field transforma-
tions associated to T(si)(z), act by zero and thus generate no field transformations at all.
From our Q 1 -Cech cohomology dictionary, this means that the ¢;—independent operator
T (z) will fail to correspond to a dimension s; global section of (53? Since we have, at
the classical level, the relation S (z) = —hVT)(2), it will mean that S (2) will also
fail to correspond to a dimension s; global section of (53? Thus, S () will fail to be an
operator at the quantum level. Is it even a spin-s; field in the classical holomorphic chiral
algebra of the twisted sigma-model on G/B, one might ask. The answer is “yes”. To see
this, recall that each of the J,, (2)’s are separately Q 4 -invariant and not Q L-exact at the
classical level. Therefore, the classical counterpart of S (z) in (2.13) must also be such,
which in turn means that it will be in the classical @Q -cohomology and hence classical
holomorphic chiral algebra of the twisted sigma-model on G/B.

The fact that the S (2)’s act trivially in any OPE with other field operators implies
that their Laurent modes will commute with the Laurent modes of any other operator;
in particular, they will commute with the Laurent modes of the currents J,(z) for a =
1,2,...,dim(g)—in other words, the Laurent modes of all rank(g) of the S(9)(z) fields will
span fully the centre 3(g) of the completed universal enveloping algebra of g at the critical
level k = —h" (generated by the Laurent modes of the .J,(z) currents of the quantum chiral
algebra of the twisted sigma-model on G/ B themselves). Last but not least, notice that the
S (si)(z) fields are also 1/)3 -independent and are therefore purely bosonic in nature. In other
words, the local fields S)(z), for i = 1,2, ... rank(g)—whose Laurent modes will together
generate 3(g)—exist only in the classical holomorphic chiral algebra of the 1/)5 -independent,
purely bosonic sector of the twisted sigma-model on X = G/B.

2.5 The centre 3(g) as a Poisson algebra W_;v(g)

For an affine G-algebra at an arbitrary level k # —h", the S(Si)(z)’s will exist as -
independent quantum operators in the Q 4 -cohomology of the sigma-model. Accord-
ing to our Q -Cech cohomology dictionary, the S (si)(z)’s then correspond to classes in
HO(X, (53?), Since the cup product of sheaf cohomologies map products of global sections
to global sections, it will mean that the OPE of any two S(Si)(z) operators must contain
another S()(z) operator. Moreover, since all the S()(z) operators are Q 4-closed, they
must form a closed OPE-algebra.® What then is this closed OPE-algebra?

To answer this, first recall that for some k # —h", the S (z)’s have a quantum
definition whereby S (z) = (k + hY)T(%9)(z). The Casimir operators T (z) are know
to span (up to null or Q -exact operators in our interpretation) a closed W OPE-algebra

3Note that if © and O’ are non-exact @Jr—closed observables in the QJr—cohomology, ie., {§+,(9} =
{Q,, 0’} =0, then {Q,,00'} = 0. Moreover, if {Q,,0} = 0, then O{Q,, W} = {Q,,OW} for any
observable W. These two statements mean that the cohomology classes of observables that commute with
Q 4 form a closed and well-defined algebra.



associated to g [[7. Since the spin-2 Casimir operator T(?(z) generates a Virasoro OPE-
algebra of central charge ¢ = k dim(g)/(k + h"), the S¢)(2)’s will then span a rescaled
(by a factor of (k + h")) version of the closed YW OPE-algebra associated to g of central
charge ¢ = k dim(g)/(k + h") for k # —h".

Since each S (si)(z) is holomorphic in z, we can Laurent expand it as

S (z) = 8z, (2.14)

ne”

Let us henceforth denote Wi(g) to be the closed algebra generated by the Laurent modes
S where k # —hY. At k # —h, since S@(2) = (k + hY)T(z), the Laurent modes 5.
must then generate the Virasoro algebra with the following quantum commutator relations:

1S@ 8@ = (k+ hY) ((n —m)S? % (n® —n) 5n,_m> . (2.15)
Likewise, the other quantum commutator relations spanned by the Laurent modes of the
other spin-s; operators, will take the same form as (R.1§) and have a factor of (k + k") in
front. Since we will have no need to refer to these explicit relations in our discussions, we
shall omit them for brevity, as they can get rather complicated very quickly.

Now, let us consider the case when & = —h". From our earlier explanations about the
nature of the S (si)(z) operators, we find that they will cease to exist as quantum operators
at this critical level. Since we understand that the S(9)(z)’s must be holomorphic classical

fields at k = —h", we shall rewrite the Laurent expansion of S (z) as
S6i)(2) = Z Ssi) ymn—si, (2.16)
nez

so as to differentiate the classical modes of expansion Sf(fi) from their quantum counterparts
S5 in (B:14). Unlike the S$s which obey the quantum commutator relations of a Wi(g)-
algebra for an arbitrary level k # —h", the Sﬁfi)’s, being the modes of a Laurent expansion
of a classical field, will instead obey Poisson bracket relations that define a certain classical

)
k = —hY, one can see that by taking (k + k") — 0, we are actually going to the classical

algebra at k = —h". Since every g,(f’ must reduce to its classical counterpart S,(Lsi) at
limit. This is analogous to taking the A — 0 limit in any quantum mechanical theory
whenever one wants to ascertain its classical counterpart. In fact, by identifying (k + h")
with 44, and by noting that one must make the replacement from Possion brackets to

A

commutators — that is, {ET(LSZ'),E,(J? )} PB — %[Eﬁsi),EA',(;j )]—in quantising any classical

)

mode Ey(fi) into an operator E‘ffl , we can ascertain the classical algebra generated by the
Sy(fi)’s from the Wg(g)-algebra commutator relations that their quantum counterparts —
the g,(fi) 's — satisfy. Since all the S(59) (2) fields must now lie in the classical Q _-cohomology
of the twisted sigma-model on G/B, it will mean that their Laurent modes S5 must also
generate a closed, classical algebra associated to g, which, we shall henceforth denote as
W_pv(g). In order to ascertain the central charge of this classical W_pv(g)-algebra, it

suffices to determine the central charge of its classical Virasoro subalgebra generated by
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the 57(3)’8. From (R.1§), we find that as k — —h", the Sﬁ,?b)’s satisfy

{8?.5P}pp. = (n—m)S),, — % (n* = 1) O —m. (2.17)
the classical Virasoro algebra with central charge ¢ = —h"dim(g). Hence, the S s will
generate a classical W_jv(g)-algebra of central charge ¢ = —h"dim(g). For example, the
specific case of g = sly was considered in section 2.1 of [[l—the modes S were found to
generate a classical W_pv (f?[g)—algebra with central charge ¢ = —hVdim(sly) = —6, where
hY = 2 and dim(sly) = 3. The specific case of g = sl3 was also considered in section 2.3
of [[l]—the modes S and %) were found to generate a classical W_pv (f?[g)—algebra with
central charge ¢ = —h"dim(sl3) = —24, where 1" = 3 and dim(sl3) = 8.

Recall at this point that the Laurent modes of the S (z) fields for i = 1,2, ... rank(g),
will together generate 3(g), the centre of the completed universal enveloping algebra of the
affine G-algebra g at the critical level k = —h". Hence, we have an identification of Poisson
algebras 3(g) ~ W_pv(g).

Last but not least, another way to understand why 3(g) must be a classical (or Poisson)
algebra is as follows. Firstly, let us consider the general case of k # —h", whereby the 5,1(12)
modes can be related to the J? modes of g via the quantum commutator relations

[SP), 78] = —(k + hY)m.J;

n+m»

S, 52 = (k+hY) (<n S, dim(g) (n ) 6m) . (219)

(2.18)

where a = 1,2,...,dim(g). If we now let k = —h", we will have [S’@) Jo] = [5}(?), 5’7(3)] = 0.

n s»Ym
Hence, one can define simultaneous eigenstates of the 5’7(?) and J} mode operators. In
particular, one would be able to properly define a general state ¥ = S’(_2l) 5’(_23 e 5’(_2;|0, a),
where |0,a) is a vacuum state associated to a representation of g labelled by «, such
that J§|0,a) = a®|0,«). However, note that any such ¥ will correspond to a null-state,
i.e., ¥ decouples from the real, physical Hilbert space of quantum states spanned by the
representations of g [[§]. This means that the S'ﬁ,?b)’s which span 3(g) cannot exist as
quantum mode operators. Hence, since 3(g) must be closed in all the 5*,(7?) modes, it must

therefore be a classical algebra at k = —h".

3. The B-gauged WZW model on G and the W-algebra Wy (g)

In this section, we shall explain how a dual description of the holomorphic chiral algebra
of the purely bosonic sector of the sigma-model on G/B, can be given by the holomorphic
BRST-cohomology (or chiral algebra) of a B-gauged WZW model on G. We then proceed
to outline the mathematical Drinfeld-Sokolov reduction procedure [f] of generating the
Hecke algebra of local operators which defines Wy, (g)—the W-algebra associated to g at
level k'. Lastly, we will show that the holomorphic BRST-cohomology of the B-gauged
WZW model on G at level k' physically realises, in all generality, this Hecke algebra of
local operators.
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3.1 A dual description of the purely bosonic holomorphic chiral algebra

Let us now seek a dual description of the above classical, holomorphic chiral algebra of the
twisted sigma-model on G/B spanned by the S(%9)(z)’s. To this end, let us first generalise
the action of the twisted sigma-model by making the replacement g;; — g;; + b;; in V' of
Stwist of (A.9) in [ll], where b;; is a (1,1)-form on the target space X associated to a B-
field. This just adds to Stwist & cohomologically-trivial @ -exact term {Q), —bﬁWZ@ZW},
and does nothing to change our above discussions about the chiral algebra of the sigma-

model. This generalised action can be explicitly written as
Sgen = /E (2] (g5 +b:3)(0:070:6") + g0t D + b0 + by 70L0:0'¢. (3.1)

Now recall that the S (z)’s exist in the classical holomorphic chiral algebra of the
1/15 -independent sector of the twisted sigma-model on G/B. This means that in order for
one to ascertain the dual description of the S (z)’s, it suffices to confine oneself to the
study of the holomorphic chiral algebra of the ¢3 -independent, purely bosonic sector of the
twisted sigma-model on G/B. The 1/)5 -independent specialisation of Sgen, Which describes
this particular sector of interest, can be written as

Sbosonic = / ’d22’ (gzj + bl5)82¢laz¢1_ (32)
by

Notice that Spesonic just describes a non-linear sigma-model of a free bosonic string
which propagates in a G/B target-space. Note that a non-linear sigma-model on any
homogenous coset space such as G/B, can be described by an asymmetrically B-gauged
WZW model on G that is associated with the action g — ¢gb~!, where g € G and b € B.
However, upon a BRST-quantisation, one can easily see that the BRST-cohomology of
the asymmetrically B-gauged WZW model on G, coincides exactly with the holomorphic
(or left-moving) sector of the total BRST-cohomology of a symmetrically B-gauged WZW
model on G that is associated with the action ¢ — bgb™!. In other words, at the level of the
holomorphic chiral algebra, a physically equivalent description of the zpj -independent, non-
supersymmetric sector of the twisted sigma-model on G/B, will be given by a symmetrically
B-gauged WZW model on G that is genuinely gauge-invariant on the worldsheet ¥.# In
other words, the § (Si)(z)’s should correspond to observables in the classical holomorphic
BRST-cohomology of the B-gauged WZW model on G.

3.2 The B-gauged WZW model on G

let us now proceed to describe the relevant B-gauged WZW model on G in detail.® First,

“Henceforth, whenever we refer to the B-gauged WZW model on G, we really mean the symmetrically
gauged W ZW model on G that is genuinely gauge-invariant on the worldsheet .

°It may be disconcerting to some readers at this point that the Borel subgroup B which we are gauging
the G WZW model by, is non-compact in general. Apart from citing several well-known examples in the
physics literature [@f@] that have done likewise to consider non-compact WZW models gauged to non-
compact (sometimes Borel) subgroups, one can also argue that our model is actually equivalent — within
our context — to a physically consistent model which gauges a compact subgroup instead. Firstly, note

— 12 —



note that the action of the most general WZW model can be written as

/
Swz(9) / d?z Tr(0,g ' 0:9) + ik / 3z Tr(g~tdg)?, (3.3)
247 B:9B=%

where k' is the level, and g is a worldsheet scalar field valued in any connected Lie group
G that is also periodic along one of the worldsheet directions with period 27.6 The trace
Tr is the usual matrix trace in the defining representation of G.

A gauged version of (B.3) can be written as

k:/
Sumisal: Az A2) = Swal)+ 5 [ &2 TrAGegg™ + )= Axlg ™ 0ug4 M) (34

+Ang2.g_1 - AZAZL

where the worldsheet one-form gauge field A = A,dz + AzdZ is valued in §, the Lie algebra
of a subgroup H of G. Notice that Sgauged (9, Az, Az) differs slightly from the standard form
of a gauged WZW model commonly found in the physical literature — additional M and M

1 and ¢710,g terms of the standard

constant matrices have been incorporated in the 0sgg
action, so that one can later use them to derive the correct form of the holomorphic stress
tensor without reference to a coset formalism. Setting M and M to the zero matrices
simply takes us back to the standard action for the gauged WZW model. As required,

Seauged (9, A., Az) is invariant under the standard (chiral) local gauge transformations
g— hgh™ A, —0.h-h '+ hALY As — O:h- R+ hARTL (3.5)

where h = eX®%) € H for any \(z,2) € h.” The invariance of (B:4) under the gauge transfor-
mations in (B-§) can be verified as follows. Firstly, note that the M (M )-independent terms
make up the usual Lagrangian for the standard gauged WZW action, which is certainly

that for a complex flag manifold G/B, we have the relation G/B = G/7, where G is a compact group
whose Lie algebra is the real form of the Lie algebra of G, and 7 is the maximal torus of purely diagonal
matrices in G [@]—in other words, 7 is an anomaly-free, compact diagonal subgroup in the context of a
T-gauged WZW model on G. Secondly, note that the OPE algebras of the affine G-algebra and the affine
G-algebra are the same. These two points imply that at the level of their holomorphic BRST-cohomologies,
the B-gauged WZW model on G is equivalent to the 7-gauged WZW model on G that can always be
physically consistently defined, and whose gauge group is also compact. However, since one of our main
aims in this paper is to relate the gauged WZW model to the algebraic DS-reduction scheme, we want to
consider the B-gauged WZW model on G. Last but not least, note that we will ultimately be interested
only in the classical spectrum of the gauged WZW model, whereby the compactness or non-compactness
of the gauge group will be irrelevant.

5Note that in some situations, the target group manifold of the WZW model is not simply-connected;
the complex D-group or SO(N, C) manifold is one such example. In this case, the non-simple-connectedness
of the group will translate to a restriction in the values that k' can take [@] In other situations, one must
exclude some representations and include winding sectors in the Hilbert space of states. However, since our
results will only depend on the classical spectrum of local fields of the WZW model in the limit & — oo,
we can, for our purpose, ignore this technical subtlety.

7A similar model has been considered in @] However, the action in that context is instead invariant
under a non-chiral local gauge transformation. Moreover, it does not contain the A, Az term present in a
standard gauged WZW model.
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invariant under the gauge transformations of (8.§). Next, note that under an infinitesimal
gauge transformation h ~ 1+ A, the terms Tr(A, M) and Tr(A; M) change as

§Tr(A, M) = Tr(0,\ M) — Tr(M [\, A,)), (3.6)
0Tr(As M) = Tr(9:A M) — Tr(M [A, Az)). (3.7)

Since we will be considering the case where H is the Borel subgroup of G and therefore,
A and A will be valued in the Lie algebra of a maximally solvable (Borel) subgroup of G,
the second term on the r.h.s. of (B.g) and (B.7) will be zero [2J). What remains are total
divergence terms that will vanish upon integration on > because it is a worldsheet with no
boundaries. Therefore, unless H is a Borel subgroup of G (or any other solvable subgroup
of G), one cannot incorporate M and M in the action and still maintain the requisite gauge
invariance. This explains why generalisations of gauged WZW models with these constant
matrices M and M have not appeared much in the physical literature. Nevertheless, this
generalisation can be considered in our case. As we shall see shortly, this generalisation
will allow us to obtain the correct form of the holomorphic stress tensor of the B-gauged
WZW model on G without any explicit reference to a coset formalism.
The classical equations of motion that follow from the field variations in (B.§) are

JA., : Dzgg '|u = —My, (3.8)
0A; : g D.gly = —M—, (3.9)
89 : D:(g7'D.g) = F.s, (3.10)
g : Dz(ngg_l) = F%,, (3.11)

where F,z; = 0,A;—0:A,+[A,, As] and F;, = 0; A, — 0., As+[Az, A,] are the non-vanishing
components of the field strength, and the covariant derivatives are given by D, = 9,+[A,, ]
and D; = 0; + [Az, |. By imposing the condition of (B.9) in (B.10), and by imposing the
condition of (B.§) in (B.11]), since M. are constant matrices, we find that we have the
zero curvature condition F,; = Fz, = 0 as expected of a non-dynamically gauged WZW
model. This means that A, and Az are trivial on-shell. One is then free to use the gauge
invariance to set A, and/or Az to a constant such as zero. In setting A, = Az = 0 in (B.10)
and (B.11]), noting that F,z = F5, = 0, we have the relations

0:(g"0.9) =0 and  0.(dz99~") =0. (3.12)

In other words, we have a g-valued, holomorphic conserved current J(z) = g~'0.g, and a
g-valued antiholomorphic conserved current J(2) = d5gg~!, both of which are dimension
one and generate affine symmetries on . The action in (B.4) can thus be written as

K 7
Sumua(9: A2y A2) = Swalg) + o [ P2 TAL(T() 4 30) = A:(J(2) 4 M) (3.13)
%
+A29A29_1 - AzAE] .

For our case where H is a Borel subgroup B of G, one can further simplify (B.13)
as follows. Firstly, since G is a connected group, its Lie algebra g will have a Car-
tan decomposition g = n_ ® ¢ ® ny, where ¢ is the Cartan subalgebra, and ny are
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the nilpotent subalgebras of the the upper and lower triangular matrices of G. The
Borel subalgebras will then be given by by = ¢ @ ng, and they correspond to the
Borel subgroups B+. For the complex flag manifolds that we will be considering in
this paper, B, will be the Borel subgroup of interest. B will henceforth mean By in
all of our proceeding discussions. With respect to this decomposition of the Lie al-
gebra g, we can write J(z) = Zdimnf Je(2)t, + sodime jayge 4 Zﬁi:“;‘” J¢(2)t}, and

; B ) a=1 <a=1
J(2) = Som™ JU(B)ty + Yame Ja(2)ts + Yalt JA(2)t), where t; € n_, 15 € ¢, and
tF € ny. One can also write M = 29" prag- 4 Sodime prage § o dimny M§tt, and

M = Zii:ninf Moty 5 dime Mgtg+2§ij}”+ M¢t}, where M¢. . (M£..) are arbitrary number
constants. Next, note that H = B, and B ~ N, where N, = [B, B] is the subgroup of G
generated by its Lie algebra n, of strictly upper triangular matrices which are traceless, i.e.,
for ¢,¢' € ny, we have Trp(tt') — Trr(t't) = 0, where the trace Trz, and Try are taken over
some L and R representation of G respectively. In other words, Ny is the non-anomalous
subgroup to be gauged, and we can write A, = zgizni'” Aot and A; = zgizniw Aatt,
Next, note that since Tr(tgtg) = a,béo‘ﬂ, the trace of the second term on the r.h.s. of (B.19)
will be non-vanishing only for components of J(z)(J(z)) and M (M) that are associated to
their expansion in ny. Let us denote J¥(z) = S0 Je(z)tf and MT = y o dimny Mgt

Let us also denote J*(z) = S 0m JU(2)t5 and Mt = 5 dimns M¢t}r. Then, one can

write the action of a B-gauged WZW model on G as

SB—gaugcd(97 Az; AZ; J+7 j+)

dimn
K S - _
= Swale) 5= [ Y [AILE) + M) - AL () + A1)
=1
—Tr[A.gAzg~ ' — A AZ]. (3.14)

Due to the B-gauge invariance of the theory, we must divide the measure in any path
integral computation by the volume of the B-gauge symmetry. That is, the partition
function has to take the form

~ldg,dAL,dAL _
Za :/ lg”_dg, dA;, dA7] exp (iSa(g, Az, Az, J1,J1)). (3.15)
s (gauge volume)

One must now fix this gauge invariance to eliminate the non-unique degrees of freedom.
One can do this by employing the BRST formalism which requires the introduction of
Faddev-Popov ghost fields. In order to obtain the holomorphic BRST transformations
of the fields, one simply replaces the infinitesimal position-dependent parameters el of
h = exp(— ?;nim* é'th) € B in the corresponding left-sector of the gauge transformations
in (B-§) with the ghost fields ¢!, which then gives us

5BRST(9) = —clt?'g, 6BRST(A12) = —Dgcl, 5BRST(OtheI‘S) =0. (316)

The components of the ghost field ¢(z) = ?inim* c!(2)t;" and those of its anti-ghost partner

b(z) = Z?inf"* bl(z)t;' will transform as

1 . .
dprst(c)) = —gffnkcmck, dprsT(b') = B!, dprer(B') =0, (3.17)

— 15—



where the f&k’s are the structure constants of the nilpotent subalgebra n,. Also, the Bls
are the Nakanishi-Lautrup auxiliary fields that are the BRST transforms of the b'’s. They
also serve as Lagrange multipliers to impose the gauge-fixing conditions.

In order to obtain the antiholomorphic BRST transformations of the fields, one employs
the same recipe with the corresponding right-sector of the gauge transformations in (B.5),
with the infinitesimal position-dependent gauge parameter now replaced by the ghost field
&, which then gives us

SprsT(g) =t g, Oprsr(AL) = —D.&, Jprsr(others) = 0. (3.18)
The components of the ghost field ¢(z) = ?Em* ¢'(z)t] and those of its anti-ghost partner

b(2) = Z;inim* b(2)t will transform as
< _ Ly mae 5 N AL F =
5BRST(C ) = —§fmkc c, 6BRST(b) = B s 5BRST(B ) = O. (319)

In the above, the BUs are the Nakanishi-Lautrup auxiliary fields that are the antiholomor-
phic BRST transforms of the b’ fields. They also serve as Lagrange multipliers to impose
the gauge-fixing conditions.

Since the BRST transformations in (B.16) and (B.1§) are just infinitesimal versions
of the gauge transformations in (B.5), S gauged(9, Az, Az, JT,JT) will be invariant under
them. An important point to note is that in addition to (SgrsT +0BRST) (6BRST +OBRST) =
0, the holomorphic and antiholomorphic BRST-variations are also separately nilpotent,
ie., 5123RST =0 and 5}23RST = 0. Moreover, 6BRST - OBRST = —OBRST - OBrsT. This means
that the BRST-cohomology of the B-gauged WZW model on G can be decomposed into
independent holomorphic and antiholomorphic sectors that are just complex conjugate of
each other, and that it can be computed via a spectral sequence, whereby the first two
complexes will be furnished by its holomorphic and antiholomorphic BRST-cohomologies
respectively. Since we will only be interested in the holomorphic chiral algebra of the
B-gauged WZW model on G (which, by the way, is just identical to its antiholomorphic
chiral algebra by a complex conjugation as mentioned), we shall henceforth focus on the
holomorphic BRST-cohomology of the B-gauged WZW model on G.

By the usual recipe of the BRST formalism, one can fix the gauge by adding to the
BRST-invariant action Sp gauged(9; Az, Az, JT,JT), a BRST-exact term. Since the BRST
transformation by (6grsT + 0rsT) is nilpotent, the new total action will still be BRST-
invariant as required. The choice of the BRST-exact operator will then define the gauge-
fixing conditions. A consistent choice of the BRST-exact operator that will give us the
requisite action for the ghost and anti-ghost fields is

dimn+

_ _ i/ 3 o
SB-gauged (9, Az, Az, J*, ") + (dRrsT + OBRST) %/zdzz Z AL+ AL |
=1
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where one will indeed have the desired total action, which can be written as

/ dimn+ B
Swowlo) = 5 [, d2z{ > [ALGL ) + MY - BY — AL(TL(2) + M + B
=1

_Tr[Angég_l - AZAZ]}

dimn+

k‘J 2 ! | = 7l
+%/Edz ; (cng ++chb). (3.20)

From the equations of motion by varying the B's, we have the conditions fllz = 0 for
| =1,...,dimn,. From the equations of motion by varying the B's, we also have the
conditions Alz =0 for [ = 1,...,dimn,. Thus, the partition function of the B-gauged
WZW model can also be expressed as
_1 = . ik’ 2 N
Zg = [ g~ "dg,db,dc,db,dc] exp | iSwzw(g) + 5 d“z Tr(c- 05b)(2z) + Tr(¢- 0,0)(2) |,
TJy

(3.21)
where the holomorphic BRST variations of the fields which leave the effective action
in (B.21)) invariant are now given by

1
prsT(9) = —c™tlg, dprsr(c)) = —3 Lremc", prer(b) = JL + ML — £l MR,
oprsT (others) = 0. (3.22)

The holomorphic BRST-charge generating the field variations in (8.22) will be given by

dz dimmr 1 dimmr
QBRST = jé i Z Cl(Z)(Ji(Z) + Mi) D) Z fvlnkbmclck(z) . (3.23)
=1 =1

The free-field action of the left-moving ghost fields in (B.21]) implies that we have the usual
OPE’s of (dimny) free be systems. From these free be OPE’s, one can verify that Qprsr
in (B.23) will indeed generate the field variations in (B.29).

Though we did not make this obvious in our discussion above, by integrating out the
ALs in (B:14), and using the above conditions AL = 0 for I = 1,... dimn,, we find that
we actually have the relations (J_li_ (2) + M. i) =0 for [ =1,...,dimn,. These relations
— involving the current associated to the Borel subalgebra b of the group B that we are
modding out from G—will lead us directly to the correct form of the holomorphic stress
tensor for the gauged WZW model without reference to a coset formalism, as we shall see
shortly.

Notice that physically consistent with the holomorphic chiral algebra of the purely
bosonic sector of the twisted sigma-model on G/B, there are currents J%(z) (given by
the J4(2)’s, JL(2)’s and the J!(z)'s) in the holomorphic BRST-cohomology of the non-
dynamically B-gauged WZW model on G, where a = 1,2,...,dimsly, that generate an
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affine G OPE-algebra at level k’. As such, one can construct a holomorphic stress tensor
using the Sugawara formalism as

 dup( ") (2)
Ta(z) = Y . (3.24)
However, as shown above, one will have the conditions J _li_ =-M i forl=1,2,...,dimn,.

In order that the conformal dimensions of the J_ﬁ_’s be compatible with these conditions,
one must define a modified holomorphic stress tensor:

Tmodiﬁed(z) = TG(Z) + f 8J_;(Z), (325)

where j;(z) is a rank(g)-dimensional vector with components being the J! currents asso-
ciated to the Cartan subalgebra ¢, and ['is a sum of simple, positive roots of g. In order
for the above conditions on the Ji’s to be compatible with the fact that QprsT generating
the holomorphic variations of the fields must be a scalar of dimension zero, the (dimny)-
set of left-moving ghost systems (b',¢!) must have conformal dimensions (h!,1 — A!) for
1=1,2,...,dimn,, where h! is the conformal dimension of the corresponding J _li_ current
under Todified (2). With all these points in mind, and by including the holomorphic stress
tensor contribution from the action of the free left-moving ghost fields, we can write the
total holomorphic stress tensor of the B-gauged WZW model on G as

. a 7bh . dimec
T8 _gauged (2) = - dab;;]+‘]h3(z) I ZHOEDY [hlblazcl(z) + (W = 1) (9,0 d) (=),
a=1

leny

(3.26)
where A is the set of positive roots of g, and p" is the “dual Weyl vector” of g, such that
for a €Ay, we have (p¥,a) = 1 if and only if « is a simple root of g.

3.3 The B-gauged WZW model on G and the Wy/(g) algebra

We shall now show that as one would expected from its role as an equivalent description of
the holomorphic chiral algebra of the purely bosonic sector of the twisted sigma-model on
G/ B, the holomorphic BRST-cohomology of the B-gauged WZW model on G will contain
local operators whose Laurent modes generate a Wy (g) algebra.

To this end, let us first review a purely algebraic approach to generating Wy (g), the
We-algebra associated to the affine algebra g at level k’. This approach is known as the
quantum Drinfeld-Sokolov (DS) reduction scheme [g, R9].

In general, the quantum DS-reduction scheme can be summarised as the following
steps. Firstly, one starts with a triple (g,@,x), where g’ is an affine subalgebra of g at
level k', and  is a 1-dimensional representation of g’. Next, one imposes the first class
constraints g ~ x(g) , Vg € @', via a BRST procedure. The cohomology of the BRST oper-
ator () on the set of normal-ordered expressions in currents, ghosts and their derivatives,
is what is called the Hecke algebra H&) (9,9, x) of the triple (g,d’, x). For generic values of
k', the Hecke algebra vanishes for 7 # 0, and the existing zeroth cohomology H% (9,9, %),
is just spanned by a set of local operators associated to the triple (g, @, x), whose Laurent
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modes generate a closed W-algebra. We shall denote the W-algebra associated with this
set of operators as Wpg[g, @', x]. Note that Wps[g, @, x] is just Wi/(g). Let us be more
explicit about how one can go about defining Wpslg, @', x| and therefore Wy, (g), now that
we have sketched the general idea behind the DS-reduction scheme.

In order for Wps[g, @', x] to be a W-algebra, one has to suitably choose the triple
(9,9, x)- A suitable triple can be obtained by considering a principal sly embedding in g.
Let us now describe this embedding. Suppose we have an sly subalgebra {t3,t4,t_} of g.
The adjoint representation of g decomposes into sls representations of spin ji , k =1,...,s,
for example. Then, one may write the g current J(z) = Zgimg J(2)t, as

s Jk
J(2) =YY T2 tem (3.27)

k=1m= _jk

where ?;, ,,, corresponds to the generator of spin j; and isospin m under the sly subalgebra.
In particular, we have the correspondences 11 = ty, t19 = t3 , and ¢t _; = t_. The sl
subalgebra t3,t.,t_ can be characterized by a “dual Weyl vector” pV, i.e., as mentioned
above, for a €Ay, where A, is the set of positive roots of g, we have (p¥,a) = 1 if and
only if « is a simple root of g. The sl; root & is given by & = p/(p, p), and t3 = p- ¢, where
¢ is the Cartan sublagebra of g.

Take g’ to be the affine Lie subalgebra 0, generated by all J*™(z),m > 0. Denoting
the currents corresponding to positive roots o by J*(z), and choosing 11 = >, e*, one
can then impose the condition (which realises the required first-class constraint g ~ x(g))

xps(J%(2)) =1 (for simple roots «, ), x(J%(z)) =0 (otherwise). (3.28)

Next, we introduce pairs of ghost fields (b%(z),cq(z)), one for every positive root
a €Ay. By definition, they obey the OPE bo(2)cs(2') ~ 0a8/(2 — 2'), where the o,
(and «) indices run over the basis of n,. The BRST operator that is consistent with (B.2§)
will then be given by Q = Qo + @1, where

dz 1
— « aﬁ
Qo = jé o <J (2)ca(z) — §f7 (b’yCaC[g)(Z)) (3.29)
is the standard differential associated to ny, fy P are the structure constants of n,, and
Q= § o (I ()ea2) (3.30)
1= omi XDS Z))Ca\%Z)- .
They satisfy
Q*=Qf = Q1 ={Qo, @1} =0. (3.31)

The resulting Q-cohomology is just the Hecke algebra H, 82 (9,9, x), which is spanned by a set
of local operators whose Laurent modes generate Wps[g, @', X] = Wi/ (g). Note that (B.31)
implies that one can compute the Hecke algebra via a spectral sequence of a double complex
with differentials being Qg and )1 accordingly — this strategy has indeed been employed
in [B0] to compute explicitly the generators of the Wa = Wy (sly) and W5 = Wy (sl3) OPE
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algebras with central charges ¢ = 13—6(k'+2)—6/(k' +2) and ¢ = 50—24(k’+3)—24/(k'+3)
respectively.

The variation of the various fields under the action of ) can also be computed using
the OPE’s of the affine algebra g, the OPE’s of the ghost fields, and the explicit forms of

Qo and Q1 in (B:29) and (B-3Q) above, and they are given by

Seal2) = — 578 ese,)(2), (3.32)
0 (2) = J°(2) — xos(J°(2)) — £ (67ep) (=), (3.33)

Note also that Wps[g, @', x| and thus Wy (g), will at least contain the Virasoro algebra.
The explicit form of the stress tensor whose Laurent modes will generate the Virasoro
algebra is (after omitting the normal-ordering symbol)

dime¢
da Ja C « «
Tos(z) = b(k,+hv + Za T2) + > ((pY ) = Db0.ca(2) + (p, 0)(0:0%0) (),
achy

(3.34)
where the J¢(z)’s are just the affine currents that are valued in the Cartan subalgebra ¢ of
the Lie algebra g. Note that with respect to Tps(z), the conformal dimensions of the pair
(b%(2),cq(z)) will be given by (1 — (p¥, ), (p",a)). The central charge of this Virasoro
subalgebra and therefore that of Wi/ (g), will be given by

K di
(k) = % 12KV -2 Y (6 —6(p¥,0) +1). (3.35)

aEN

Notice at this point about the B-gauged WZW model on B, that for any Jﬂr with
h' # 0, the corresponding M ﬁr constant must be set to zero for consistency. This means from
our above discussion, that one can identify M} with —yps(J.(2)). With this identification,
one can see that the field variations in (B.29) agree with the field variations in (B.39)
and (B.33). In addition, we find that Qprsr in (B-23) also coincides with @ = Qo + Q1,
where Qo and @ are given in (B.29) and (B.30), respectively. Moreover, T gauged(2)
of (B-20) is just Tpg(z) of (B-34). Hence, we see that the holomorphic BRST-cohomology of
the B-gauged WZW model on G physically realises, in all generality, the purely algebraic
DS-reduction scheme of generating the Hecke algebra.

We can summarise the results in this section as follows. Let us label the local operators

of the Hecke algebra as Té g)augcd( ), where i = 1,2,...,rank(g), s; = e; + 1; the ¢;’s

being the exponents of g, and Té g)augod( ) are higher spin-s; analogs of Th_gauged(2), Where

Tézéaugcd( ) = TBgauged(2). Then, we find that the holomorphic BRST-cohomology of
the B-gauged WZW model on G, will be spanned by local operators T, é g)au g 4(2) whose

Laurent modes will generate a Wj/(g) algebra with central charge (B.3§). Consequently,
the classical limit of Wy/(g), i.e., Ws (@), will be given by the Poisson W-algebra generated
by the Laurent modes of the classical fields which lie in the classical, holomorphic BRST-
cohomology of the B-gauged WZW model on G, that are the classical counterparts of the

local operators T; Ig Zg)augc 4(%). We shall discuss this set of classical fields next, and their role
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in an isomorphism of classical W-algebras and a level relation which underlie a geometric
Langlands correspondence for G.

4. A geometric Langlands correspondence for GG

In this section, we will use what we have learnt in section 2 and section 3 about 3(g),
Wy (@) and the dual description afforded by the B-gauged WZW model on G, to show
that an equivalence — at the level of the holomorphic chiral algebra — between a bosonic
string on G/ B and a B-gauged version of itself on G, will necessarily imply an isomorphism
3(8) ~ Wao(Eg) of classical W-algebras and the relation (k + 2Y)rY = (k' + £h")~! which
underlie a geometric Langlands correspondence for G.

4.1 The corresponding classical chiral algebra of the B-gauged WZW model
on G

Let us start by determining the observables of the B-gauged WZW model on G which
correspond to the S(i) (z) fields of the wj -independent, purely bosonic sector of the twisted
sigma-model on X = G/B. Firstly, since the S (z)’s lie in the classical, holomorphic
chiral algebra, the corresponding observables must also lie in the classical, holomorphic
BRST-cohomology (or chiral algebra) of the B-gauged WZW model on G. Secondly, an
observable corresponding to S(Si)(z) must also have spin s;, and moreover, it must also
generate the same (classical) symmetry in the gauged WZW model as that generated by
S(1)(2) in the sigma-model.

Now, recall that the quantum definition of the S(si)(z)’s at k # —hY, is given by
S (2) = (k4 hY)T)(z). Since the S (z)’s cease to exist as quantum operators at k =
—hY, this must also be true of the corresponding observables in the gauged WZW model.
Recall also that at k # —h", the (Laurent modes of the) S(%!)(2)’s generate a Wj,(g) algebra.
Similarly, the (Laurent modes of the) T (z)’s in the holomorphic chiral algebra of

B-gauged
the gauged WZW model — each having spin s;—generate a Wy (g) algebra too. A little

thought will then reveal that one can consistently identify S()(z) with T (z)—the

classical

classical field counterpart of the local operator Tgfg)augcd(z) = (k+ hv)TéfigLugod(z). One
(si)

can see this as follows. Firstly, notice that as required, T . a1 (2) is a spin-s; field that
lies in the classical, holomorphic chiral algebra of the gauged WZW model at k = —hY—
at k = —hY, Tg_ig)auged(z) will act by zero in its OPE’s with any other operator, i.e., it
will cease to exist as a quantum operator, and will reduce to a purely classical observable

i) (2). Secondly, since the shift in 4" in the factor (k + h") is due to a quantum

classical

renormanisation effect as explained earlier, it will mean that Tgéisical(z) =—h"-T (flzis)si cal(2)
at k= —h", where Tc(l‘:s)sical(z) is the classical counterpart of Téf;)augod (z). This means that

the Tgf;isical(z)’s will generate the same classical W-symmetries in the gauged WZW model
as those generated by the S(*9)(2)’s in the sigma-model.
In summary, one can identify the local S(Si)(z) fields in the classical, holomorphic

chiral algebra of the 1/15 -independent, purely bosonic sector of the twisted sigma-model on
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X = G/B, with the local fields T i) (z) in the classical, holomorphic chiral algebra of

classical \?

the B-gauged WZW model on G.

4.2 An isomorphism of classical W-algebras and a geometric Langlands corre-
spondence for G

We have seen how, from an equivalence — at the level of the holomorphic chiral algebra —
between the purely bosonic sector of the twisted sigma-model on G/B and the B-gauged
WZW model on G, one can identify the S(*9)(z)’s with the i) (z)’s. This identification

classical \Z
will in turn imply that the Laurent modes of the local S (z) and T fields ought

Classwal( )
to generate the same classical W-algebra with identical central charges.

What is the central charge of the classical W-algebra generated by the Laurent modes of
the T (z) fields? To ascertain this, first note that the central charge of any (classical)

classical \#

Wh-algebra will be given by the central charge of its (classical) Virasoro subalgebra. Next,
note that the the Virasoro modes I:f) of T]anu g d( z) = Zn IA,,(f)z_"_Q, will obey the
following commutator relation

. A A K
[Lg), Lg)] =(n-— m)Lg_i)_m + %(ng —n)0n,—m (4.1)

at the quantum level, where c(k’) is given in (B.3§). Therefore, the commutator relations

involving the ff) Virasoro modes of Tg_)gaugod(z) =>. f,(f)z_"_Q, will be given by

7 7 /
[Zg)’zg)] - (k 4 hV) (n . m)zg—l)—m 4 C(k ,]{3)

12

(n® = n)6n—m| (4.2)

where c(k' k) = c(K')(k +h"). At k = —hY, Tg)gauged( ) will cease to have a quantum

definition, and it will reduce to its classical field counterpart T((ﬂgsswal(z). Consequently,
the k — —h" (and k' — o0o) limit of the commutator relation in ([.9), can be interpreted
as its classical limit. Therefore, one can view the term (k + h") in (£.2) as the parameter
ih, where h — 0 is equivalent to the classmal limit of the commutator relations. Since in a
quantisation procedure, we go from {Ln ,L(z)} PB — %[ﬂ?),f@)], going in reverse would
give us the classical Poisson bracket relation

ey — K k)oY b —oo
{Lg)aL%)}RB. ( )Lg—i)-m ( 7 )k 12 — (n3 - n)(sn,—n"w (4‘3)

where ngisswal( )=>, L@ 2, Hence, the well-defined central charge of the classical
Wao(g) algebra generated by the Laurent modes TED of the Tglaismal( ) fields, will be given
by C(k 7k)k—>—h\/,k’—>oo-

On the other hand, recall from our earlier discussion that the Laurent modes of the
S(i)(2) fields will generate a classical W_jv(g) algebra that contains a classical Virasoro
subalgebra of central charge ¢ = —hYdim(g) given by

{(SD SO pp = (n—m)S? h” dim(g)

ot = 1 (n® —n) 6 _m. (4.4)
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Hence, the well-defined central charge of the classical W_j,v(g) algebra generated by the
Laurent modes S5 of the S(:) () fields, will be given by ¢ = —h"dim(g). Therefore, since
the classical W-algebras generated by the Sﬁfi)’s and the fgfi)’s ought to be isomorphic
with the same central charge, it means that we must have the relation

C(k’, k?,)k_,_h\/’k/_,oo = —hvdim(g). (4.5)

Note at this point that one can rewrite c(k’) as [[[7]

(k') =1 —=12]ap+ap'P, (4.6)
where | = rank(g), ara_ =1, a_ = —vk' + hVY, and p is the Weyl vector. Since in our

case of a simply-laced Lie algebra g, we have g = ©g, it will also mean that we have p = p".
One can then simplify ¢(k') to

1
c(k') =1—12|p|* <k:’ +hY + TR 2) : (4.7)

From the Freudenthal-de Vries strange formula [B1]

lp|* _ dim(g)
RV~ 2k (48)
and the expression for ¢(k') in (1), we find that
1
c(k' . k) = (k+h") |1+ 2h"dim(g) — h'dim(g) <k;/ +hY + T hv)} ) (4.9)
In the limit £ — —h" and k' — oo, we find that
C(k/, k)k—>—h\/,k’—>oo = —hvdim(g) (4.10)
if and only if
(k+h")K +nY)=1. (4.11)

Finally, recall that W_jv(g) ~ 3(g), and since g = g for g simply-laced, we will
also have hY = LhY and r¥ = 1. Hence, we see that an equivalence — at the level of
the holomorphic chiral algebra — between the purely bosonic, wj—independent sector of
the twisted sigma-model on G/B and the B-gauged WZW model on G, would imply an

isomorphism of Poisson algebras

3(@) =~ Woo(19), (4.12)
and the level relation )

Recall at this point that the purely bosonic, wj -independent sector of the twisted sigma-
model on G/ B, can be described, via (B.2), by a bosonic string on G/B. On the other hand,
note that since a bosonic string on a group manifold G can be described as a WZW model
on G, it will mean that the B-gauged WZW model on G can be interpreted as a B-gauged
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bosonic string on GG. Thus, we see that an equivalence, at the level of the holomorphic chiral
algebra, between a bosonic string on G/ B and a B-gauged version of itself on G—which, can
be viewed as a consequence of the ubiquitous notion that one can always physically interpret
a geometrical symmetry of the target space as a gauge symmetry in the worldsheet theory
— will imply an isomorphism of classical W-algebras and a level relation that underlie
a geometric Langlands correspondence for any complex, ADFE-group G! Note that the
correspondence between the k& — —hY and k¥’ — oo limits (within the context of the
above Poisson algebras) is indeed consistent with the relation (f.13). These limits define
a “classical” geometric Langlands correspondence. A “quantum” generalisation of the G
correspondence can be defined for other values of k£ and £’ that satisfy the relation (4.13),
but with the isomorphism of (§.19) replaced by an isomorphism of quantum W-algebras
(derived from a DS-reduction scheme) associated to g at levels k and k' respectively [§.

5. The Hecke eigensheaves and Hecke operators

We shall now show, via the isomorphism 3(g) ~ Wa(Xg) of classical W-algebras demon-
strated in section 4 above, how one can derive a correspondence between flat holomorphic
LG-bundles on the worldsheet ¥ and Hecke eigensheaves on the moduli space Bung of
holomorphic G-bundles on ¥, where ¥ is a closed Riemann surface of any genus.® In the
process, we shall be able to physically interpret the Hecke eigensheaves and Hecke operators
in terms of the correlation functions of purely bosonic local operators in the holomorphic
chiral algebra of the twisted (0,2) sigma-model on the complex flag manifold G/B.

5.1 Hecke eigensheaves on Bung and flat “G-bundles on ¥

Local primary field operators. As we will explain shortly, the correlation functions
of local primary field operators can be associated to the sought-after Hecke eigensheaves.
As such, let us begin by describing these operators in the twisted (0,2) sigma-model on a
complex flag manifold X = G/B. By definition, the holomorphic primary field operators
®)(2) of any theory with an affine G OPE-algebra obey BI

(t()l\)rs q>§\(zl)
z— 2z

TN ~ =

s

; (5.1)

where t{ is a matrix in the A representation of sly, r,s = 1,...,dim|\|, and a =
1,...,dim(g).

Since the ®)(z)’s obey OPE relations with the quantum operators J%(2), it will mean
that they, like the J%(z)’s, must exist as quantum bosonic operators of the sigma-model on
X. And moreover, since (p.1) and the affine G OPE-algebra at the critical level generated
by the J%(z)’s in the Q -cohomology of the quantum sigma-model together form a closed

¥Note that the twisted sigma-model on X has an anomaly given by c1(X)c1(X). Hence, since c1(X) # 0
for any complex flag manifold X, the model is anomalous unless ¢1(X) = 0. However, since we are only
working locally on ¥ via a local coordinate z, i.e., our arguments do not make any reference to the global
geometry of the worldsheet which might contribute to a non-zero value of ¢;1(3), we can ignore this anomaly.
Thus, we are free to work with the sigma-model on any .
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OPE algebra, it will mean that the ®)(z)’s are also local operators in the Q _-cohomology
of the sigma-model on X at the quantum level. From our @Q -Cech cohomology dictionary
(as explained in appendix A of [l]), this means that the ®)(z)’s will correspond to classes
in HY(X,0%), i.e., the global sections of the sheaf O of CDO’s on X. Note that this
observation is also consistent with (f.])), since one can generate other global sections of the
sheaf (93? from the OPE’s of existing global sections.

The fact that these operators can be described by global sections of the sheaf of CDO’s
on X means that they reside within the purely bosonic sector of the holomorphic chiral
algebra of the underlying sigma-model on X. As we shall see, this observation will serve
as a platform for a physical interpretation of the Hecke eigensheaves.

Space of coinvariants. Associated to the correlation functions of the above-described
local primary field operators, is the concept of a space of coinvariants, which, in its inter-
pretation as a sheaf over the moduli space of holomorphic G-bundles on ¥ that we will
clarify below, is directly related to the Hecke eigensheaves that we are looking for. Hence,
let us now turn our attention to describing this space of coinvariants.

Notice that if the twisted sigma-model were to be conformal, i.e., [@,,T(z)] = 0 even
after quantum corrections, we would have a CFT operator-state isomorphism, such that
any primary field operator ®)(z) would correspond to a state |®2) in the highest-weight
representation of g. However, since the twisted sigma-model on a complex flag manifold
G/B lacks a holomorphic stress tensor and is thus non-conformal, a ®2(z) operator will
not have a one-to-one correspondence with a state |®2). Rather, the states just furnish a
module of the chiral algebra spanned by the local operators themselves.

Nevertheless, in the axiomatic CFT framework of a theory with an affine algebra g,
the operator-state isomorphism is an axiom that is defined at the outset, and therefore,
any primary field operator will be axiomatically associated to a state in the highest-weight
representation of g. Bearing this in mind, now consider a general correlation function of n
primary field operators such as (®3(z1) ... ®2"(z,)). Note that it can be viewed, in the ax-
iomatic CFT sense, as a map from a tensor product of n highest-weight representations of g
to a complex number. Next, consider a variation of the correlation function under a global
G-transformation, i.e., 6, (®21(21) ... P (2n)) = o dz >, w* (JU ()P (21) ... P2 (20)),
where w? is a position-independent scalar transformation parameter, and where C'is a con-
tour that encircles all the points z1,..., 2, on X. Since all the J*(z)’s are dimension-one
conserved currents in the () -cohomology of the twisted sigma-model on G/B, they will
generate a symmetry of the theory. In other words, we will have d,, <<I>§‘1 (z1)... @M (zn)) =
0, which is simply a statement of the global G-invariance of any theory with an affine G
algebra. This last statement, together with the one preceding it, means that a general cor-
relation function of n primary field operators <¢§‘1 (21)... 0 (2n)) will define a “conformal
block” in the axiomatic CFT sense [f]. Proceeding from this mathematical definition of a
“conformal block”, the collection of operators ®21(z;) ... ®}(z,) will define a vector ® in
the dual space of coinvariants Hg(®) (21)...®"(2,)), whereby the “conformal block” or
correlation function (®2'(z1)...®3"(2,)) can be computed as the square |®|? of length of
® with respect to a hermitian inner product on Hg(®21(21) ... ®2"(2,)) [H. All correlation
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functions of primary field operators can be computed once this inner product is determined.

Sheaf of coinvariants on Bung. As mentioned above, what will be directly related to

the Hecke eigensheaves is the sheaf of coinvariants on the moduli space Bung of holomorphic

G-bundles on the worldsheet 3. Let us now describe how this sheaf of coinvariants arises.

However, before we proceed, let us first explain how holomorphic G-bundles on ¥ can be

consistently defined in the presence of an affine G-algebra in the sigma-model on X = G/B.
Recall that for the sigma-model on X = G/B, we have the OPE

kdap Je(w)
Jo(2)p(w) ~ ———= C—— 5.2
where dg is the Cartan-Killing metric of g. Note also that since the above dimension-one
current operators are holomorphic in >, they can be expanded in a Laurent expansion
around the point w on ¥ as

Ja(2) =) Ji(w)(z —w) ™" (5.3)

Consequently, from the above OPE, we will get the commuator relation

2t (w), Ty (w)] = Y~ fab“JEH ™ (w) + (kdap) 1 Sntm,o. (5:4)

such that the Lie algebra g generated by the zero-modes of the currents will be given by
[T (w), Jy ()] = Y fa" I (w). (5.5)

One can then exponentiate the above generators that span g to define an element of G,
and since these generators depend on the point w in X, it will mean that one can, via this
exponential map, consistently define a non-trivial principal G-bundle on 3. Moreover, this
bundle will be holomorphic as the underlying generators only vary holomorphically in w
on the worldsheet X.

Let us label the above-described holomorphic G-bundle on ¥ as P. Then, the space
Hy(®1(21) ... ®27(2y,)) of coinvariants will vary non-trivially under infinitesimal deforma-
tions of P. As such, one can define a sheaf of coinvariants over the space Bung of all
holomorphic G-bundles on ¥. Let us justify this statement next.

Firstly, note that with our description of P via the affine G-algebra of the sigma-
model on X, there is a mathematical theorem [J] which states that Bung is locally uni-
formized by the affine G-algebra. What this means is that the tangent space TpBung to
the point in Bung which corresponds to an G-bundle on X labelled by P, will be isomor-
phic to the space H'(X,EndP) [l. Moreover, deformations of P, which correspond to
displacements from this point in Bung, are generated by an element 7(z) = J%),(z) of
the loop algebra of g, where 1,(z) is a position-dependent scalar deformation parameter
(see section 17.1 of [[] and section 7.3 of [§]). With this in mind, let us again consider
the n-point correlation function (®*(z1)...®3"(z,)). By inserting n(z) into this correla-
tion function, and computing the contour integral around the points z,..., z,, we have
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Gy (P2 (21) ... P2 (20)) = ($p dz D, 1a(2)J(2) P31 (21) ... @3 (2p)), where C is a contour
which encircles the points 21,..., 2, on X, and &, (@3 (z1) ... @37 (2,)) will be the variation
of (®31(21) ... ®3"(2,)) under an infinitesimal deformation of P generated by 7(z) (see eq.
(7.9) of [{] and also BJ]). Note that this variation does not vanish, since 7,(z), unlike
w earlier, is a position-dependent parameter of a local G-transformation. Therefore, as
explained above, since the correlation function (®*(21)... ®3"(z,)) is associated to ® in
the dual space of coinvariants Hy(®) (21)... 92" (2,)), one can see that ® must vary in
Hg(®21(21) ... ®27(2y,)) as one moves infinitesimally along a path in Bung. Since & is just
a vector in some basis of Hg(®1(21) ... ®"(2,)), one could instead interpret ® to be fixed,
while Hg(®X (21)... P23 (2,)) varies as one moves infinitesimally along a path in Bung, as
P is subjected to infinitesimal deformations. Consequently, we have an interpretation of a
sheaf of coinvariants on Bung, where the fibre of this sheaf over each point in Bung is just
the space Hy(®M (21)... @2 (2,)) of coinvariants corresponding to a particular bundle P
that one can consistently define over ¥ using the affine G-algebra of the sigma-model on
X = G/B. Note howeover, that since we are dealing with an affine G-algebra at the critical
level k = —h", the dimension of the space of coinvariants will vary over different points in
Bung. In other words, the sheaf of coinvariants on Bung does not have a structure of a
vector bundle, since the fibre space of a vector bundle must have a fixed dimension over
different points on the base. Put abstractly, this is because g-modules at the critical level
may only be exponentiated to a subgroup of the Kac-Moody group G. Nevertheless, the
sheaf of coinvariants is a twisted D-module on Bung [§].

From the above discussion, one can also make the following phys-
ical ~ observation. Notice that the variation &, (®3'(z1)... 93" (2,))) =
($odz >, Na(2)J%(2)®31 (21) ... ®3"(2,)) in the correlation function as one moves
along Bung, can be interpreted, at the lowest order in sigma-model perturbation theory,
as a variation in the correlation function due to a marginal deformation of the sigma-model
action by the term §dz n(z). Since a deformation of the action by the dimensionless
term § dz n(z) is tantamount to a displacement in the moduli space of the sigma-model
itself, it will mean that &, (®3'(21)...®3"(2,))) is also the change in the correlation
function as one varies the moduli of the sigma-model. This implies that Bung will at least
correspond to a subspace of the entire moduli space of the sigma-model on X = G/B.
This should come as no surprise since P is actually associated to the affine G-algebra
of the sigma-model on X = G/B as explained, and moreover, the affine G-algebra does
depend on the moduli of the sigma-model as mentioned in section 2.

Last but not least, note that the sheaf of coinvariants can also be obtained purely
mathematically [ via a localisation functor A, which maps the chiral vertex algebra V,—
identifiable with all polynomials F'(J(z)) (which exist in the chiral algebra of the twisted
sigma-model on G/B) that are defined over the field of complex numbers and the c-number
operators S(5:) (z), and that are of arbitrary positive degree in the quantum operator J(z) =
(_m_l)!nl.(_nm_l)! co;mLJu(z) L 97 m ]9 (2) -—to the corresponding sheaf A(V}) of
coinvaraints on Bung, where x denotes a parameterisation of V, that depends on the choice
of the set of S(%)(2) fields for i = 1,...,rank(g). In other words, the sheaf of coinvariants
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will be parameterised by x.? This observation is pivotal in the mathematical description of
the correspondence between Hecke eigensheaves on Bung and flat holomorphic “G-bundles
on ¥, via the algebraic CFT approach to the geometric Langlands program [f§]. As we will
explain below, this parameterisation of the sheaf of coinvariants on Bung by the set of
S%i(2) fields can be shown to arise physically in the sigma-model as well.

A 3(g)-dependent realisation of the affine G-algebra at the critical level. Be-
fore one can understand how, within the context of the sigma-model on X = G/B,
the sheaf of coinvariants can be parameterised by a choice of the set of S%(z) fields for
i = 1,...,rank(g), it will be necessary for us to understand how one can achieve a 3(g)-
dependent realisation of the affine G OPE algebra at k = —h" spanned by the set of J%(z)
currents that correspond to classes in H°(X, O%).

To this end, let us first consider the set of local operators composed out of the n =
dimc X free 3;(z) and ~%(z) fields of the n linear 3y systems associated to the sheaf of
CDO’s on X:

Ji(z) = B () + Y PL((2)8(2) 5 (5.6)
pEA L
TEz) == ) (h*) 1 4%(2)8(2) 1, (5.7)
pEA L
Ji(z) = Y 1 QL(Y(2)B%(2) : 407" (2), (5.8)
pEA L

where the subscripts {+,c} denote a Cartan decomposition of the Lie algebra g under
which the J(z) local operators can be classified, the superscript «; denotes the free field
that can be identified with the i*" positive root of g where i = 1,...,n, h* is an element
of the Cartan subalgebra of g where k = 1,...,rank(g), ¢(h*) is the ¥ component of the
root ¢, the symbol A, denotes the set of positive roots of g, the ¢;’s are complex constants,
and lastly, Pé, pr are some polynomials in the v* free fields.

Theorem 4.3 of B3] tells us that the Laurent modes of the above set of local operators
{JL,J*} generate an affine G-algebra at the critical level k = —hY, i.e., the set {Ji, J*}
will span an affine G OPE-algebra at the critical level k = —h". Moreover, the fact that
the currents {J%, Jé“} are composed purely out of free 3; and ~* fields, and the fact that
there will always be classes in H°(X, (9}’]{“) which correspond to operators that generate
an affine G OPE algebra [[J], will together mean that the set of currents {J, J*} must
correspond (up to @ ,-exact terms at worst) to classes in H O(X, (93?) Equivalently, this
means that the set of local current operators {Ji, J*} will be Q o -closed and hence lie in
the holomorphic chiral algebra of the twisted sigma-model on X = G/B.

9Note that in order to be consistent with the notation used in the mathematical literature, we have chosen
to use the symbol x to label the parameterisation of V. Hopefully, x that appears here and henceforth
will not be confused with the one-dimensional representation x of g’ in section 3.
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Next, let us consider a modification {J%, J5'} of the set of currents {J%,.J*}, where

JU(z) = B%(2)+ Y PHy*(2)B(2) 1, (5.9)
PEAL
JE(2) = = > o(hF) 1 42(2)8%(2) : +b'(2), (5.10)
PEAL
JU(z) = 3 QL(M(2)B%(2)  +eiday® (2) + B (2)y™ (2), (5.11)
PEAL

and the b%(z)’s are just classical c-number functions that are holomorphic in z and of

i ,~n—110 q;
nez Unz .Y Since

the bi(z)’s are classical fields, they will not participate as interacting (quantum) fields in

conformal dimension one — it can be Laurent expanded as b’(z) = >

any of the OPE’s among the quantum operators {.J g ng}. Rather, they will just act
as a simple multiplication on the v*i(z) and §%(z) fields, or functions in them thereof.
Moreover, this means that the b°(2)’s must be trivial in the @ -cohomology of the twisted
sigma-model on G//B at the quantum level, i.e., it can be expressed as a Q L-exact term
{Q 4,...} in the quantum theory. Now, recall that we had the (non quantum-corrected)
geometrical gluing relation v = g% (y®), where each v* and g% (vy®) is defined in the open
set U1 and U, respectively of the intersection U; NUs in X. This expression means that the
~v“’s define global sections of the sheaf (53? From our @ -Cech cohomology dictionary,
this will mean that each v (z) must correspond to an operator in the twisted sigma-model
on X that is annihilated by Q 4 at the quantum level. This, together with the fact that
b*(2)’s can be expressed as {Q., ... }, will mean that the b’(2)y(z) term in J (2) of (5.11)
above, can be written as a @ -exact term {Q,,...}. Likewise, the b’(2) term in J¥ (z)
of (5.I0) can also be written as a Q L-exact term {Q +,---}. Consequently, since @i =0
even at the quantum level, {J. (A Jg} continues to be a set of quantum operators that
are @Jr—closed and non—@Jr—exact, ie., {Ji’, JV, J?f,} correspond to classes in HO(X, (53?)
Since the OPE’s of @, -exact terms such as b'(z)y%(z) and b'(z) with the other Q-
closed terms such as (3} ,ea, : QL(Y™)B? : +¢i0:7%), (BY + dpen, P;(ya)ﬁ@ :), and
(— Z@6A+ @(h*) : 4% 3% 1) that correspond respectively to the set of original operators Jt,
J*, and J¥, must again result in Q 4-exact terms that are trivial in @ -cohomology, they
can be discarded in the OPE’s involving the set of operators {Ji, Jv, ng}, i.e., despite being
expressed differently from the set of original operators {J_i, Jt, Jf}, the set of operators
{J7,J", J'} will persist to generate an affine G OPE-algebra at the critical level k = —h".
In other words, via the set of modified operators {Ji, Jf/} and their corresponding Laurent

modes, we have a different realisation of the affine G-algebra at the critical level k = —h".

1ONote that the explicit expression of the bi(z)’s cannot be arbitrary. It has to be chosen appropriately to
ensure that the Segal-Sugawara tensor and its higher spin analogs given by the S(si)(z)’s7 can be identified

with the space of Zg-opers on the formal disc D in ¥ as necessitated by the isomorphism 3(8) ¥ W (Lﬁ)

demonstrated earlier. For example, the expression of b(z) as $¢(z) in the G = SL(2, C) case of [l ensures

that S'(z) = 1¢?(2) — 38:¢(2) can be identified with a projective connection on D for each choice of ¢(z).
However, since the explicit form of the bi(z)’s will not be required for our discussions, we shall not have

anything more to say them.
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This is consistent with Theorem 4.7 of [BJ], which states that the set {Ji, J¥'} of modified
operators will persist to generate an affine G OPE-algebra at the critical level k = —h".

Obviously, from (f.9)-(p-11)), we see that the above realisation depends on the choice
of the b'(z)’s. What determines the b%(z)’s then? To answer this, let us first re-
call that the Segal-Sugawara tensor S()'(z) and its higher spin analogs S9'(z) associ-
ated to the modified operators {J%, J” J¥} € {J%}, can be expressed as SC)'(z) =
J/al@,,,a% C Jo Je Ja;i(z) : in the quantum theory. However, recall also that the origi-
nal Segal-Sugawara tensor and its higher spin analogs, expressed as S (s’i)(z) = Jamz...asi :
JorJez . J%i(z) : in terms of the original operators {J.,J,J*} € {J?}, act by zero
in the quantum theory. This means that the non-vanishing contributions to any of the
S()'(2)’s come only from terms that involve the additional b(z) fields. In fact, it is true
that the S(si)’(z)’s also act by zero in the quantum theory at k = —h", since they are also
defined via a Sugawara-type construction which results in their quantum definition be-
ing SG)'(2) = (k +hY)TG)'(2). In other words, the S’ (z)’s must be classical c-number
fields of spin s; that are holomorphic in z. This implies that the S(9)'(2)’s will be expressed
solely in terms of the c-number b°(2) fields. An explicit example of this general statement
has previously been discussed in the case of G = SL(2,C) in [[[] — for G = SL(2,C), we
have the identification J% « J,, J* « J. J¥ « J5 S@'(2) « §'(2), bi(z) < 2c(z) and
S (2) = 2c%(2) — 10.¢(2), whereby the choice of S (2) determines ¢(z). Consequently,
a choice of the set of S¢)'(2) fields will determine the b*(z) fields. Lastly, note that the
S(:)'(2) fields lie in the classical holomorphic chiral algebra of the purely bosonic sector
of the twisted sigma-model on X = G/B, and their Laurent modes span the centre 3(g) of
the completed universal enveloping algebra of g at the critical level k = —h". Hence, we
effectively have a 3(g)-dependent realisation of the affine G (OPE) algebra at the critical
level as claimed.

A 3(g)-dependent parameterisation of the sheaf of coinvariants on Bung. Now
that we have seen how one can obtain a 3(g)-dependent realisation of the affine G (OPE)
algebra at the critical level, we can proceed to explain how, within the context of the
sigma-model on X = G/B, the sheaf of coinvariants on Bung can be parameterised by a
choice of the fields S% (z) for i = 1,...,rank(g).

To this end, notice that since the primary field operators ®2(z) are defined via the
OPE’s with the J%(z) currents of the g algebra at the critical level in (f.]), a different
realisation of the J?%(z) currents will also result in a different realisation of the ®(z)’s.
Consequently, we will have a 3(g)-dependent realisation of the primary field operators
®)(z). This amounts to a 3(g)-dependent realisation of their n-point correlation functions
<<I>?1(z1) e <I>;\"(zn)>. Since the correlation functions can be associated to a (vector in
the) space of coinvariants as explained earlier, one will consequently have a 3(g)-dependent
realisation of the sheaf of coinvariants on Bung as well, i.e., the sheaf of coinvariants will
be parameterised by a choice of the fields S%(z) for i = 1,...,rank(g).

A correspondence between Hecke eigensheaves on Bung and flat “G-bundles on
3. Finally, we shall now demonstrate that the above observation about a 3(g)-dependent
realisation of the sheaf of coinvariants on Bung, and the isomorphism of Poisson algebras
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3(8) ~ Wa(Fg) discussed in section 4, will result in a correspondence between Hecke
eigensheaves on Bung and flat holomorphic “G-bundles on the worldsheet .

Firstly, note that the classsical W-algebra W, (@) is isomorphic to Fun OpLy4(D*),
the algebra of functions on the space of “g-opers on the punctured disc D* in ¥, where an
Lg-oper on ¥ is an n'® order differential operator acting from Q~("=1)/2 to Q(n+1)/2 (where
2 is the canonical line bundle on ¥) whose principal symbol is equal to 1 and subprincipal
symbol is equal to 0 [J]. Roughly speaking, it may be viewed as a (flat) connection on an La-
bundle on X. In turn, Fun Opz4(D*) is related to the algebra Fun Opc,(D) of functions on
the space of “g-opers on the formal disc D in X, via Fun Opz4(D*) ~ U (Fun Opi4(D)),
where U is a functor from the category of vertex algebras to the category of Poisson
algebras [BJ]. Since we have an isomorphism of Poisson algebras 3(g) ~ W (Lg), it will
mean that the S(9)(z)’s will correspond to the components of the (numeric) “g-oper on
the formal disc D in ¥ [§]. Hence, a choice of the set of S (z) fields will amount to
picking up an “g-oper on D. Since any g-oper on D can be extended to a regular Lg-
oper that is defined globally on X, it will mean that a choice of the set of S()(2) fields
will determine a unique “G-bundle on ¥ (that admits a structure of an oper x) with a
holomorphic connection.

Secondly, recall that we have a 3(g)-dependent realisation of the sheaf of coinvariants on
Bung which depends on the choice of the fields S*(z) for i = 1,...,rank(g). Hence, from
the discussion in the previous paragraph, we see that we have a correspondence between a
flat holomorphic “G-bundle on ¥ and a sheaf of coinvariants on Bung.

Lastly, recall that A(V,) — the sheaf of of coinvariants on Bung — has a structure of
a twisted D-module on Bung. For a general group G, the sought-after Hecke eigensheaf [
will be given by a D-module A(Vy) ® AL ! on Bung with eigenvalue E,, where A, is an
invertible sheaf (i.e., a certain line bundle) on Bung equipped with a structure of a twisted
D-module, and F, is the unique LG-bundle corresponding to a particular choice of the set
of S (z) fields. In the case where G is simply-connected, the Hecke eigensheaf will be
given [§] by the untwisted holonomic D-module A(V, )@ K ~1/2 on Bung with eigenvalue E,,
where K is the canonical line bundle on Bung. In short, since tensoring with the invertible
sheaf A, or the canonical line bundle K on Bung just maps A(Vy) to A(Vy) @ A or
AVy) ® K —1/2 in a one-to-one fashion respectively, we find that we have a one-to-one
correspondence between a Hecke eigensheaf on Bung and a flat holomorphic “G-bundle on
>, where X is a closed Riemann surface of any genus, i.e., we have a geometric Langlands
correspondence for G.1

Physical interpretation of the Hecke eigensheaves on Bung. From all of our

HNote that the above-mentioned flat holomorphic ©G-bundles on ¥ are restricted to those that have a
structure of an “g-oper on ¥. The space of connections of any such bundle only form a half-dimensional
subspace in the moduli stack Locr g of the space of all connections on a particular flat L@-bundle. Thus,
our construction establishes the geometric Langlands correspondence only partially. However, it turns out
that our construction can be generalised to include all flat “G-bundles on X by considering in the correlation
functions more general chiral operators that are labelled by finite-dimensional representations of g, which,
in maﬁematical terms, is equivalent to making manifest the singular oper structure of any flat “G-bundle
on X [{.
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above results, we see that one can physically interpret the Hecke eigensheaf as follows. A
local section of the fibre of the Hecke eigensheaf over a point p in Bung, will determine,
for some holomorphic G-bundle on ¥ that corresponds to the point p in the moduli space
Bung of all holomorphic G-bundles on ¥, the value of any n-point correlation function
(®31(21) ... ®3"(2n)) of local bosonic operators in the holomorphic chiral algebra of the
twisted (0,2) sigma-model on G/B. And the geometric Langlands correspondence for
G just tells us that for every flat, holomorphic “G-bundle that can be constructed over
>, we have a unique way of characterising how an n-point correlation function of local
bosonic primary operators in the holomorphic chiral algebra of a quasi-topological sigma-
model with no boundaries like the twisted (0,2) sigma-model on G/B, will vary under the
local G-transformations generated by the affine J%(z) currents on the worldsheet described
earlier.

5.2 Hecke operators and the correlation functions of local operators

Consider  the  quantum  operator  J(z) = (_m_l)!”l'(_nm_l)!

oym—LJu(z). .97~ Jem(z) .. Note that since the J(z)’s are Q,-closed and in
the Q -cohomology or holomorphic chiral algebra of the sigma-model on G/B, so will

J (2) or polynomials F'(J(z)) of arbitrary positive degree in J(z) (modulo polynomials of
arbitrary positive degree in the S(9)(z) operators which necessarily act by zero and hence
vanish in the quantum theory).!?

The set of local operators described by F/(J(z)) can be identified with the mathemat-
ically defined chiral vertex algebra V_,v(g) associated to g at the critical level k = —h".
The action of the Hecke operator on a Hecke eigensheaf as defined in the axiomatic CFT
sense, is equivalent to an insertion of an operator that lies in the chiral vertex algebra
given by m copies of V_pv(g), i.e., ®»V_pv(g) [{. Such an operator is again a polynomial
operator of the form F(7(z)). In short, the action of the Hecke operator is equivalent
to inserting into the correlation functions of local primary field operators of the twisted
(0,2) sigma-model on G/B, other local operators that also lie in the holomorphic chi-
ral algebra of the twisted (0,2) sigma-model on G/B, which, as emphasised earlier, is a
quasi-topological sigma-model with no boundaries. This is to be contrasted with the de-
scription of the Hecke operators (and Hecke eigensheaves) in the gauge-theoretic approach
to the geometric Langlands program, where they are interpreted as 't Hooft line operators
(and D-branes) in a topological sigma-model with boundaries. Our results therefore provide
an alternative physical interpretation of these abstract objects of the geometric Langlands
correspondence for GG, to that furnished in the gauge-theoretic approach by Kapustin and
Witten in [Q.

In order to show this, first note that 9.J%(z) = [L_1,J%(z)], where L_y = §dzT(z). Since
[§+,Ji(z)] = 0 even at the quantum level, it will mean that [@Q,0:J%(2)] = [[Qy,L-1],J(2)] =
$d2'[[Q,, T(2)],J(2)] = §dz'[0.(R;0.¢"7),J*(z)] = 0. One can then repeat this argument and
show that [@+78;”J“ (2)] = 0 for any m > 1 at the quantum level, always.
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6. The cases with tame and mild ramifications

In this section, we shall discuss the cases of tame and mild ramifications in the geomet-
ric Langlands correspondence for G. We shall explain how, within our context, tamely-
ramified, flat “G-bundles on ¥ will correspond to categories of Hecke eigensheaves on
Bung 4, ...y} — the moduli space of holomorphic G-bundles on ¥ with parabolic struc-
tures at the points {y1,...,yx} in 3. We will do this for mildly-ramified bundles as well. A
physical interpretation of these Hecke eigensheaves in terms of the correlation functions of
local operators in the holomorphic chiral algebra of the twisted sigma-model on X = G/B,
will also be furnished.

6.1 Tamely-ramified “G-bundles on ¥ and the category of Hecke eigensheaves
on BunG7y17"'7yk

In the case of tame ramification, the flat connection of the “G-bundle over ¥ will be
modified. Specifically, at a set of points {y1,y2,...,yx} on X, the connection will have
regular singularities, i.e., it will contain a pole of order 1 at each point. In addition, as one
traverses around each of these points, the connection will undergo a unipotent monodromy
valued in the conjugacy class of “G. For simplicity of argument, let us henceforth consider
the case where we only have a single point y; the story for multiple points will be analogous.
One may then ask the following question: What does this tamely-ramified “G-bundle on
3 correspond to in the context of the geometric Langlands correspondence for G?

In order to answer this question, we will first need to revisit the unramified case. Recall
that in the unramified case, the sheaf of coinvariants on Bung can be obtained purely
mathematically as A, (Vy, ), where A, is a localisation functor, and where the subscript
iE added for convenience to denote that D which appears in the relation Fun Opz g (D>) =~
U(Fun OpLg(D)), is actually the formal disc at x € 3, such that y, just reflects the
restriction of the corresponding “g-oper to D, we omitted this specification earlier as our
results in section 5 were independent of the point 2 — indeed, we have A, (V,,) ~ A, (Vy, ),
where y is any other point in X E] However, it will be useful to do so for our present
discussion on tame ramification.

Note that the chiral vertex algebra V,_ is formally called a (g., G, )-module because
it furnishes a representation of g, and because the centre 3(g,) commutes with the zero
modes of g, which generate the Lie algebra g, of the group G,. It can be viewed as an
object in the category Cgq, y, Of (§z,Gz)-modules. However, it follows from the results
in [B4] that Cg, ,, is simply a category of vector spaces, and its unique up to isomorphism
irreducible object is just V.. As such, the localisation functor A, — which actually maps a
category of objects to another category of objects — just maps V,, to a unique, irreducible
Hecke eigensheaf on Bung, as discussed in section 5.

In the case where the “G-bundle on ¥ has a tame ramification at say the point v,
the story will be somewhat different. The relevant oper which describes such a bundle is
f;
a subspace of Opry(D,). Consequently, we have the relation 3(g,) ~ U(Fun Op’ﬁg(Dy)),
where 3(8,) C 3(@):

a nilpotent “g-oper on D, introduced in B, and the space Op (Dy) of such opers is
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In this ramified case, the object replacing V,, will be a (9y, Iy)-module, where I, is an
Iwahori subgroup of the loop-group of G that is homomorphic to B, the Borel subgroup
of G [Bg; in axiomatic CFT language, the (gy, I)-module is a Verma module of g, at the
critical level spanned by vectors which are I -invariant only. In contrast to the unramified
case, the category Cy, , of (8y, Iy)-modules does not contain a unique irreducible object.
Consequently, the localisation functor A, will map Cy,,, to a category A,(Cy,.y,) of Hecke
eigensheaves.!'® A Hecke eigensheaf in this category will have an eigenvalue E,, where E,
is a holomorphic *G-bundle over ¥\ y.

One might now ask: on what kind of space is the above category of Hecke eigensheaves
defined over? To answer this question, first note that the centre 3(g,) commutes with the
Lie algebra b of B instead of the Lie algebra g of G. Since the centre 3(g,) is by definition
what commutes with every element of g,, it means that over the point y, g, is effectively
E, the affine algebra of B C Gj this is consistent with 3(g,) C 3(g). In other words, the
commutator relation of (5.5) will reduce to the commutator relation for the Lie algebra b,
at w = y. Via the exponential map discussed below (5.J), we see that we actually have
a holomorphic G-bundle over ¥ whose fibre at the point y will be reduced to B € G —
that is, we have a holomorphic G-bundle on ¥ with parabolic structure at the point y in
2. Hence, the corresponding category of Hecke eigensheaves will be defined over Bung,,
— the moduli space of holomorphic G-bundles on ¥ with parabolic structure at y.

If we now consider another point z in ¥ where there is no ramification of the ‘G-
bundle, the relevant category of modules will be given by Cg, .. However, the category
Az (Ca, x.) cannot be supported over Bung , — this is because Bung , is an I-equivariant
space, but A;(Cgq, y.) is not such a category. In other words, the category of all Hecke
eigensheaves on Bung,, will be given by A, (Cr, .y, )-

Clearly, the above arguments can be easily extended to the multi-point case. In
summary, in the geometric Langlands correspondence for G with tame ramification, we
have a correspondence between a flat “G-bundle that is tamely-ramified at a set of points
{y1,...,yx} on 3, and a category of Hecke eigensheaves on Bung,y, .., — the moduli space
of holomorphic G-bundles that have parabolic structures at the set of points {y1,...,yx}
on X. In addition, a Hecke eigensheaf from the category will have an eigenvalue F,

1Yk

where E,, . is a holomorphic LG-bundle over ¥\ {y1, ..., yx}-

k

6.2 Physical interpretation of Hecke eigensheaves on Bung y, . 4,

Recall from our discussion in section 5.1, that the variation of an arbitrary correla-
tion function (®3!(z1)...®J"(2,)) as one moves infinitesimal in Bung, will be given by
Sy (@ (21) ... P27 (2)) = ($odz >, Na(2)J%(2) @31 (21) ... @37 (2)). Also recall that this
variation defines the manner in which the corresponding Hecke eigensheaf A(VX)l4 will
vary as one move along Bung, i.e., it defines a connection on the Hecke eigensheaf A(V,)
over Bung.

13We have, for notational simplicity, omitted the factor A;yl that one is supposed to tensor with A, (Cr, x,,)
to get a category of Hecke eigensheaves on the appropriate moduli space to be mentioned briefly.

YWe have, for notational simplicity, omitted the factor A;l that one is supposed to tensor with A(V4)
to get a Hecke eigensheaf on Bung.
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Certainly the connection on a Hecke eigensheaf over Bung, will be different as the
base space is no longer the same. Consequently, the variation of the correlation function
(931(21) ... ®3"(2n)) has to be modified to express this difference. Essentially, one has to
insert in the correlation function (31 (21)... ®3"(z,)), a vertex operator which is associ-
ated — in the axiomatic CFT sense — to a highest weight vector in the (g, I, )-module,
at the point y in X [§].

Let us now ascertain what this vertex operator must correspond to in the context of
the twisted sigma-model on X = G/B. Firstly, note that a (g, I;)-module is given by a
Verma module in the sense of axiomatic CFT [§. Secondly, recall that the (g, I,)-module
consists only of I-invariant vectors. Thirdly, a highest weight vector ¢ in a Verma module
of an affine algebra g, is axiomatically defined as a state [¢0), where J2|¢) = 0 for n > 0,
and where the J3’s for & = 1,...,dim(b) are the generators of g, = b at y € 3. Altogether,
this means that a vertex operator ¢(z) of our interest, will be axiomatically represented
by a state |p), for which J%|p) = 0 if n > 0. Notice that such a relation is realised by the
OPE

J*(y) - p(w) ~ regular, (6.1)

where y is fixed and w is variable in X. Notice that the regular term on the right-hand-
side of (B.1]) is a holomorphic function in w, and because X is a compact Riemann surface
without boundaries, it will mean that this term is just a constant. Since a constant and the
J%(y) currents are invariant under the symmetry transformations generated by the scalar
supercharge Q . of the twisted sigma-model, (6-1)) will imply that o(w) is also Q | -invariant
and in the @Jr—cohomology. In fact, ¢(w) corresponds to a class in HY(X, (53?), ie., itisa
1/15 -independent operator in the Q -cohomology — the cup product of sheaf cohomologies
map products of global sections to global sections, and since the J(y)’s correspond to
global sections of (53?, and since for X = G/ B, the space of dimension-zero global sections
of (/9\3? is one-dimensional and spanned by a constant [[J], the OPE (B.1]) will imply that
©(w) corresponds to a global section of (/9\3?

It is readily apparent that the above arguments can be easily extended to the multi-
point case. In summary, the physical interpretation of a Hecke eigensheaf on Bung y,,... 4,
in the tamely-ramified case, will be as described in section 5 — that is, it is (up to a
twist by the line bundle A;yl) the sheaf of coinvariants spanned by vectors whose lengths-
squared give us the values of the corresponding correlation functions of purely bosonic
local operators (P;\i(z) in the holomorphic chiral algebra of the closed, psuedo-topological
twisted sigma-model on X = G/B — the only difference being that one has to insert in the
correlation functions the local operators o(y1), (y2), ..., ¢(yx) at the ramification points
{y1,...,yx} in 3 which obey (B.1)), where ©(y1), ¢(y2), - - ., ¢(yx) are also in the holomorphic
chiral algebra of the closed, psuedo-topological twisted sigma-model on X = G/B.

6.3 The case with mild ramification

Lastly, let us discuss the case with mild ramification. In this case, the flat connection
of the “G-bundle over ¥ will instead have an irregular singularity at each of the points
{y1,y2,...,yx} on X, i.e., it will contain a pole of order p, where 1 < p < n for some integer
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n, at each point. Again, for simplicity of illustration, let us consider the situation in which
we only have a single point y; the story for multiple points will be analogous.

In such a situation, one can just replace the Iwahori subgroup I, with a congruence
subgroup K,,, (with m > n) in the above arguments of section 6.1, and proceed as
before [Bg]. Here, K, , = exp (g ® (my)™), where m, is the maximal ideal of the ring of
integers O, at the point y.

In particular, this means that the corresponding category of Hecke eigensheaves will
be defined over ﬁﬁlg,y, the space of holomorphic G-bundles whose fibre is reduced to a
subgroup of G that is homomorphic to K,,, at the point y on ¥. In addition, a Hecke
eigensheaf in this category has an eigenvalue E , where E corresponds to a flat “G-bundle
with mild ramification at the point y on X.

The physical interpretation of a Hecke eigensheaf in this mildly-ramified case will be
somewhat similar as before; at the ramification point y, one will need to insert in the
correlation function (®31(21)... 3" (2,)), a yJ-independent local operator @(y) in the
holomorphic chiral algebra of the twisted sigma-model on X = G/B, that obeys

J%(y) - p(w) ~ regular, (6.2)

where & = 1,2,...,dim(g); g being the Lie algebra of the subgroup of G that is homomor-
phic to Ky, 4.

The case of mild ramification at multiple points in ¥ is analogous as one can easily
see via a straightforward extension of our above arguments. In summary, the physical

interpretation of a Hecke eigensheaf on %G,yl,...,y in the mildly-ramified case, will be

k
as described in section 5 — that is, it is (up to a twist by the line bundle A;yl) the sheaf
of coinvariants spanned by vectors whose lengths-squared give us the values of the corre-
sponding correlation functions of purely bosonic local operators @;\i(z) in the holomorphic
chiral algebra of the closed, psuedo-topological twisted sigma-model on X = G/B — the
only difference being that one has to insert in the correlation functions the local operators
2(y1), @(y2), - .., P(yx) at the ramification points {y1,...,yx} in ¥ which obey (6.9), where
o(y1), ¢(y2),...,@(yx) are also in the holomorphic chiral algebra of the closed, psuedo-

topological twisted sigma-model on X = G/B.
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